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Abstract—Dynamic operating envelopes (DOEs) are promising
to cater for the strong uptake of distributed energy resources
(DERs) in low-voltage (LV) distribution networks while ensuring
secure network operation. Under the current framework, DOEs
only specify active-reactive power set-points at households’ point
of connection (POC). In this regard, DOEs do not provide
information on the feasible operating region (FOR) of end-
users, which is helpful for an aggregator’s market decisions.
This paper proposes a near real-time approach to determine
DOEs that specify the FOR at end-users’ POC in an LV
distribution network. First, Latin hypercube sampling (LHS)-
based load flow studies are performed to identify feasible pairs
of P-Q injections at the POC that would not breach voltage
limits. Secondly, the convex hull of feasible pairs is constructed
to obtain household DOEs. Finally, a feeder-level time-varying
envelope that represents the aggregate flexibility of downstream
nodes of the network is calculated. A comprehensive analysis on
a real Australian LV distribution network using realistic data
suggests that the proposed approach is scalable and encourages
active power exports beyond current industry practice. Moreover,
the framework ensures privacy and separation between the
distribution network service provider (DNSP) and the aggregator
aligned with the existing policy and regulatory frameworks.

Index Terms—Dynamic operating envelopes (DOEs), feasible
operating region (FOR), load flow analysis, computational ge-
ometry, voltage limits, probability, distributed energy resources

NOMENCLATURE

Sets
H Houses indexed by h; H = {1, 2, . . . ,H}
N Three-phase P-Q buses indexed by i, k
Φ Phases indexed by s, γ; Φ = {1, 2, 3}
T Time period indexed by t
R2 All ordered pairs of real numbers
Parameters
v, v Upper and lower limits of voltages
φh
L Power factor of uncontrollable load at house h

Gsγ
ik conductance between phase s and γ for the line

connecting bus i and k
Bsγ

ik susceptance between phase s and γ for the line
connecting bus i and k

Variables
V s
i,t Complex voltage of phase s in bus i at time t
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P h
inj,t, Q

h
inj,t Active and reactive power injection at the POC

of house h at time t
P̃ h
L,t, Q̃

h
L,t Active and reactive power consumption of un-

controllable loads of house h at time t
P h
PV,t, Q

h
PV,t Active and reactive power set-point of rooftop

PV in house h at time t
P̃ h
PV,t Available active power generation of house h at

time t
P

h

inj,t, Q
h

inj,t Maximum limits of active and reactive power
injection at the POC of house h at time t

P h
inj,t, Q

h

inj,t
Minimum limits of active and reactive power
injection at the POC of house h at time t

P h,ω
inj,t , Q

h,ω
inj,t Active and reactive power injection at the POC

of house h under scenario ω at time t
Envelopes related notation
Bh

t Bounding box in the P-Q space for house h at
time t

Bh
t Feasible region of operation in the P-Q space

for the POC of house h at time t
Bh Time-invariant envelope in the P-Q space out-

lining the overall FOR at POC for house h for
the forward horizon

At Aggregate envelope of downstream nodes at
time t

A Aggregate time-invariant envelope outlining the
overall FOR for the forward horizon

Other operators
R(·) Real part of a complex number
I(·) Imaginary part of a complex number
conv (·) Convex hull operator
⊕ Minkowski sum

I. INTRODUCTION

The rapid proliferation of consumer-owned distributed en-
ergy resources (DERs) in low-voltage (LV) networks and
their participation in electricity markets has created complex
technical challenges for distribution network service providers
(DNSPs) to manage the secure operation of the grid. The con-
ventional approach to mitigate these challenges is to impose
static import/export limits and curtail excess power beyond
the pre-defined limit. For instance, Energex, the DNSPs in
Queensland, Australia, adopts 5 kW export limits (single-
phase) at the connection point for small-scale embedded gener-
ation [1]. Nonetheless, this approach leads to under-utilisation
of consumer-owned DERs as static limits are determined by
considering worst-case loading and generation scenarios [2].
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Dynamic operating envelopes (DOEs) are promising for
efficiently utilising the existing electricity infrastructure whilst
respecting network constraints. For instance, Energex is cur-
rently in the process of adopting dynamic customer con-
nections to facilitate the continued uptake of DERs and
to maximise the utilisation of existing network assets [1].
According to [2], DOEs are defined as “operating envelopes
that vary import and export limits over time and location
based on the available capacity of the local network or power
system as a whole”. Aligned with this definition, DOEs can be
implemented at device level or the point of connection (POC)
of an end-user [3].

Considering the state-of-the-art literature, DOE allocation
mechanisms can be mainly categorised under three groups:
1) optimal power flow (OPF)-based allocation; 2) allocation
based on unbalanced power flows; 3) allocation based on
network sensitivities.

In OPF-based approaches, an optimisation problem is for-
mulated with the design objective reflecting the operation of
the central utility, e.g., minimising losses for the DNSP, max-
imising social welfare for the distributed energy resources ag-
gregator (DERA); the constraints capture power balance, net-
work statutory limits and the operational limits of consumer-
owned DERs. The solution determines household DOEs at
each time instant. For instance, the authors in [4] propose two
architectures for OPF-based DOE calculations depending on
the time horizon of interest and the availability of data. In the
near real-time approach, operating envelopes are calculated
for the upcoming interval, e.g., every 5-mins, 15-mins. In
the in-advance approach, operating envelopes are calculated
for all intervals on the horizon to be considered (e.g., next
6-hours, 24-hours). The allocation of DOEs is studied for
three objective functions such as maximising total exports,
fair allocation with each customer adopting the same export
limit and weighted allocation of exports [5]. Moreover, the
algorithm separately determines import and export limits at
the POC of end-users. Nonetheless, the calculated DOEs only
correspond to active power limits.

In [6], an unbalanced three-phase AC-OPF problem is
solved at each time step to assign DOEs for the DERA to
participate in day-ahead markets. However, the adoption of
DOEs is only permitted to household active power export
limits and neglect the impact of household import limits and
reactive power in managing secure network operation. In [7],
an AC-OPF problem is solved to assign dynamic operating
limits only if the end-user intended operation compromises
voltage limits of the distribution network. However, limiting
active power injections at the POC is only considered, and
there is no guarantee that end-user data privacy [8] is preserved
as they are required to share forecasts of household load and
generation with the DNSP.

Ref. [9] proposes a bi-level framework for the computation
of operating envelopes using an AC-OPF approach. In this
scheme, the DNSP calculates DOEs at the upper-level for the
day-ahead using forecasts of household load and generation.
In the lower level, end-users coordinate DERs in real-time for
household energy management based on DOEs determined
by the DNSP. However, only active power export limits are

considered and there is no guarantee that the approach is
applicable for the market participation of DERs via a DERA.
Moreover, the analysis is based on a single-phase equivalent of
a three-phase network, and is not realistic considering practical
LV distribution networks. The authors in [10] have proposed
an end-user privacy-preserving, distributed control approach
based on AC-OPF to allocate network-secure envelopes for
end-users to participate in electricity markets without breach-
ing technical limits of the network. Furthermore, a Q-P
controller which facilitates end-user reactive power is also
proposed.

With regard to unbalanced power flow based approaches,
the authors in [3] highlight the importance of capturing AC
physics of the electricity grid to determined DOEs with
reference to physical and operational constraints. Thereby, a
four-step process is proposed to publish DOEs for end-users.
The first step is to determine uncontrollable power flows due
to uncontrollable demand and generation, and determining
the available hosting capacity, i.e., the amount of DERs
that can be installed and operated in a distribution network
without breaching technical and operational limits. The second
step is to identify the connection points that need to use
the available hosting capacity. The third step is choosing
an allocation method (as discussed in [5]) and calculating
the capacity allocated to each connection point. Finally, the
DOEs are published for each connection point. Ref. [11]
proposes a novel approach for calculating active and reactive
power operating envelopes using a two-stage algorithm. The
calculated envelopes correspond to the intersection of voltage
safe operating region and current safe operating region in
the P-Q plane. Nonetheless, the main focus is on DOEs for
network-safe household energy management in LV distribution
networks, and therefore, fails to address how DOEs can be
adopted when a cohort of DERs participate in market services
via a DERA. The authors in [12] analyse the impact of nodal
voltage sensitivities in unbalanced LV distribution networks on
the effectiveness of DOEs. A bijection algorithm is adopted to
calculate DOEs which correspond to active power exports and
imports. However, it is assumed that all customers are subject
to the same DOE at a certain time instant.

In sensitivity-based approaches [13], [14], sensitivities of
network parameters, e.g., voltages and currents, with respect
to active and reactive power are calculated using different
techniques—regression, Jacobian method, perturb-and-observe
method. After that, the sensitivity factors are used to determine
power injections at each POC such that network operating
limits are preserved. For example, the authors in [14] have
proposed a coordinated scheme where the DNSP calculates
network sensitivities using a linear regression technique and
sends to the DERA for its day-ahead scheduling and real-time
operation.

In the existing literature [2], [4], [9], [10], [15], the notion of
DOEs is aligned with active and reactive power dispatch set-
points for DER devices or at the POC of end-users. However,
these set-points calculated based on diverse design objectives
do not necessarily represent an envelope; instead gives a single
feasible point in the P-Q space of a DER device or at the
POC of an end-user for which the network statutory limits are
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not compromised. Moreover, explicit set-points are insufficient
to provide information on flexibility at the POC of an end-
user at a particular instant. Nonetheless, suppose adequate
information is available to evaluate an envelope encapsulating
the FOR in the P-Q plane for a household at a specific time
step. In that case, it will be helpful for the DERA in its
electricity market decisions [16].

Although there is a large volume of published work on
managing electric flexibility from DERs [16]–[20], most stud-
ies have predominantly focussed on determining aggregate
flexibility at the transmission-distribution interface for ancil-
lary service provisions. For example, the authors in [18] have
adopted nodal operating envelopes—obtained using individ-
ual P-Q capability curves of grid-connected PV and battery
storage— to model DER flexibility in medium-voltage (MV)
networks. Ref. [19] proposes time-dependent FOR and utilises
a probabilistic approach to determine the aggregate flexibility
of an active distribution network to provide ancillary services
while regulating transmission flows. In [20], the epsilon-
constrained method is adopted to generate the boundary of
the feasibility region at the transmission-distribution interface;
thereafter, a multi-period OPF problem is solved to obtain
time-varying feasibility envelopes at the interface. Unlike
aforementioned studies, the DNSP has no knowledge of P-
Q capability curves at the POC of end-users in LV networks
due to: data privacy concerns [8], aggregation of multiple
DER devices at the POC coordinated via a Home Energy
Management System (HEMS). Hence, the approaches men-
tioned above cannot be adopted to determine household-level
operating envelopes that specify FOR without breaching the
technical limits of the network and feeder-level DOEs in LV
distribution networks.

Aligned with the ‘hybrid model’ [21] (widely accepted
framework for integrating DERs for market participation in
Australia), DNSP is responsible for creating DOEs that specify
operational limits for DERs while delivering wholesale and/or
local network support services. On the other hand, the DERA
is responsible for the aggregation of consumer-owned DERs
and the delivery of service while accommodating DOEs [22].
In this regard, [2], [3] highlight the importance of adopting
DOEs at the customer connection point (irrespective of number
of configurations of devices behind the connection) during the
DOE roll-out process. Therefore, the most effective approach
for adopting DOEs in a realistic setting would be: DNSP
calculating DOEs at household connection points based on
available network information, and thereafter, sharing DOEs
with the DERA to be utilised in the market participation
process. However, only a handful of existing studies [6],
[7], [15], [23] have explicitly identified DNSP and DERA
as two different stakeholders in the overall implementation.
Therefore, systematic coordination between the DNSP and
the DERA in compliance with existing policy and regulatory
framework is crucial for the practical implementation of DOEs
enabling end-user participation in electricity markets [2], [24].
A summary of the existing work on network-aware control of
DERs is given in Table I.

TABLE I
A COMPARISON OF THE EXISTING APPROACHES ON NETWORK-AWARE

MARKET PARTICIPATION OF DERS

Ref.
Envelopes
represent
flexibility

Reactive
power

contribution

End-user
privacy

DNSP-DERA
coordination

[6] × × × ✓
[7] × × × ✓
[9] × × ✓ ✓
[10] × ✓ ✓ ×
[11] × ✓ ✓ ×
[12] × × × ×
[15] × × ✓ ✓
[18] ✓ ✓ N/A N/A
[19] ✓ ✓ N/A N/A
[20] ✓ ✓ N/A N/A
[23] × ✓ × ✓
[25] × ✓ ✓ ×
[26] × × × ×

proposed ✓ ✓ ✓ ✓

– N/A represents not-applicable.

Main contributions

The main contributions of this work can be summarised as
follows:

• A near real-time approach is proposed for the DNSP to
determine operating envelopes that outline feasible oper-
ating regions (FORs) in the P-Q plane without breaching
network voltage limits. Unlike existing approaches where
OPF-based explicit set-points are adopted as operating
envelopes, household P-Q operating regions determined
in this work provide information on end-user flexibility
which is useful for DERA’s decisions in electricity mar-
kets.

• The aggregate time-varying flexibility of an LV distribu-
tion network is determined by accommodating individual
household operating envelopes. Furthermore, household-
level and feeder-level time invariant envelopes that benefit
the DERA in day-ahead scheduling in electricity markets
are constructed.

• The privacy and separation between the DNSP, DERA
and the end-user are ensured with minimum data shar-
ing requirements. This is achieved by end-users only
sharing minimum and maximum power injection limits
with the DNSP. Thereafter, DOEs are determined by the
DNSP and then shared with the DERA while preserving
network-specific information.

II. PROPOSED METHODOLOGY

The main objective of this work is to propose an approach
for the DNSP to determine DOEs that specify the FOR at
the POC of each end-user in real-time. A block diagram
summarising the steps involved in the overall approach is
given in Fig. 1. According to the figure, the calculation of
DOEs can be discussed in two stages: 1) household problem
which determines the bounds of operation of each household;
2) DNSP problem which adopts LHS method followed by
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Fig. 1. A flow diagram showing the overall process of determining household
DOEs at each sampling instant

a convex hull approximation to determining DOEs for each
household. This is discussed in detail in the following sections.

A. Household problem

As the first step, each household is required to estimate
the minimum and maximum limits of active and reactive
power injections at each time instant based on near real-time
measurements of consumption and generation.

Let H := {1, 2, . . . ,H} be the set of houses indexed by h
and T := {t0, t0 + 1, . . . , t0 + T} be the set of time periods
indexed by t. Considering rooftop PV generation to be the
household controllable DER device, the active and reactive
power injection at the POC of household h ∈ H at time t ∈ T
can be expressed as:

P h
inj,t = P h

PV,t − P̃ h
L,t (1)

Qh
inj,t = Qh

PV,t − Q̃h
L,t (2)

where the notations are included in the Nomenclature section.
To this end, a positive power injection represents exporting
power to the grid whereas a negative injection represents
absorbing power from the grid at the POC.

Aligned with the state-of-the-art literature [27], [28] and
inverter standards [29], active and reactive power control under
a minimum power factor is considered for the operation of the
rooftop PV inverter. This can be mathematically expressed as:

0 ≤ P h
PV,t ≤ P̃ h

PV,t (3)

−P h
PV,t tan

(
cos−1(φh

PV)
)
≤ Qh

PV,t

≤ P h
PV,t tan

(
cos−1(φh

PV)
) (4)

For uncontrollable load, the relationship between active and
reactive power can be expressed as:

Q̃h
L,t = P̃ h

L,t tan
(
cos−1(φh

L )
)
, t ∈ T (5)

where the notation is given in the Nomenclature section.
Following this, the minimum and maximum limits of active
and reactive power injection at the POC of household h at
time t ∈ T can be algebraically calculated as:

P h
inj,t = min

(
P h
inj,t

)
s.t. (1) − (5) (6)

P
h

inj,t = max
(
P h
inj,t

)
s.t. (1) − (5) (7)

Qh

inj,t
= min

(
Qh

inj,t

)
s.t. (1) − (5) (8)

Q
h

inj,t = max
(
Qh

inj,t

)
s.t. (1) − (5) (9)

To explain this, since household load is P̃ h
L,t uncontrollable,

P h
inj,t in (6) can be estimated by setting the controllable PV

generation P h
PV,t at its minimum which is zero, as given in

(3). On the other hand, P
h

inj,t in (7) can be calculated by
setting P h

PV,t at its maximum value which is P̃ h
PV,t. Similarly,

Qh

inj,t
and Q

h

inj,t can also be calculated by taking into account
(1)-(5).

Once household h calculates
[
P h

inj,t, P
h

inj,t, Q
h

inj,t
, Q

h

inj,t

]
at time t ∈ T , then it estimates the region of operation in the P-
Q space (⊂ R2) at the POC via a bounding box approximation.
For household h, the bounding box that captures the operating
region at the POC at time t ∈ T can be expressed as:

Bh
t :=

(
P h
inj,t, Q

h
inj,t

) ∣∣∣∣∣∣ P
h
inj,t ≤ P h

inj,t ≤ P
h

inj,t

Qh

inj,t
≤ Qh

inj,t ≤ Q
h

inj,t

 (10)

where
(
P h
inj,t, Q

h
inj,t

)
pair corresponds to active and reactive

power at the POC of household h at time t. Afterwards,
each household sends the information on Bh

t at time t ∈ T
to the DNSP via the existing bi-directional communication
infrastructure which is assumed to be fail-proof.

It is important to highlight that Bh
t in (10) generally overes-

timates the feasible region of operation at the POC of house-
hold h. In other words, for any household scheduling problem
where the solution space is limited to

(
P h
inj,t, Q

h
inj,t

)
∈ Bh

t ⊂
R2 for h ∈ H at time t, there is no guarantee that subsequent
power flows in the network would regulate voltages within
technical limits.

Nevertheless, each household can calculate power injection
limits given by (6)-(9) and the operating region described
by (10) locally via existing HEMS [30] infrastructure based
on near real-time measurements of load and generation.
Thereafter, each household shares minimal information—only
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the operating envelope given by (10)—with the DNSP. This
alleviates the need for households to share consumption and
generation profiles with the DNSP at each time instant. Even
if the DNSP is aware of household PV inverter ratings (via the
DER register [31]), by only sharing an envelope describing the
operating region given by (10), households are not required to
share any information on controllable loads and battery energy
storage systems in their premises that would provide demand
response services. Thus, it is guaranteed that the proposed
approach preserves end-user data privacy.

B. DNSP problem

As discussed in section II-A, the envelopes determined
at household-level are network-agnostic and the operation
would compromise voltage statutory limits of the network. In
other words, the envelopes do not capture the FOR of each
household at a certain time step. To this end, the DNSP utilises
a systematic approach: 1) determining DOEs in real-time for
each household that encapsulates the FOR; 2) determining a
feeder-level aggregate envelope; 3) estimating the overall FOR
of households over a period of time based on forecasts of
household measurements. The overall process is described in
the following sections.

1) Determining DOEs at the POC of households
After each household shares information on its envelope at

time t, the DNSP utilises a probabilistic load flow technique
to determine feasible P-Q injection pairs

(
P h
inj,t, Q

h
inj,t

)
∈ Bh

t

for all h that would not breach voltage limits at any node of the
network. To this end, samples of P-Q injections are generated
from their own envelope at a certain time step using the Latin
hypercube sampling (LHS) method for each household. The
motivation behind the LHS method is to avoid the signifi-
cant computational burden associated with the generation of
extensive random samples under the traditional Monte Carlo
(MC) sampling method. Instead, the LHS method ensures that
the whole search space is evenly sampled, thus, improving
the search space coverage [32]. Moreover, random sampling
methods adequate to determine FOR in comparatively small
electric grids [33]. An illustration of random P-Q injection
pairs for a certain household generated using MC method and
the LHS method is given in Fig. 2.

Let Ns be the number of samples of
(
P h
inj,t, Q

h
inj,t

)
∈ Bh

t

pairs generated for all h ∈ H at time t ∈ T under the LHS

-2.5 -2 -1.5 -1 -0.5 0
-3

-2

-1

0

1

(a) MC sampling method

-2.5 -2 -1.5 -1 -0.5 0
-3

-2

-1

0

1

(b) LHS method

Fig. 2. Comparison of MC sampling and LHS within the region of operation
for a household at a certain sampling instant (Ns = 100)

method. In the next step, the DNSP randomly chooses a single
pair of P-Q injections from the search space for each house-
hold and solves a three-phase power flow problem to check
for voltage violations. The three-phase power flow equations
for active power injection and reactive power injection can be
expressed as:

P s
i,t = R(V s

i,t)
∑
k∈N

∑
γ∈Φ

[
Gsγ

ik ·R(V s
k,t)−Bsγ

ik · I(V s
k,t)

]
+I(V s

i,t)
∑
k∈N

∑
γ∈Φ

[
Gsγ

ik · I(V s
k,t) +Bsγ

ik ·R(V s
k,t)

]
i ∈ N , s ∈ Φ, t ∈ T

(11)

Qs
i,t = I(V s

i,t)
∑
k∈N

∑
γ∈Φ

[
Gsγ

ik ·R(V s
k,t)−Bsγ

ik · I(V s
k,t)

]
−R(V s

i,t)
∑
k∈N

∑
γ∈Φ

[
Gsγ

ik · I(V s
k,t) +Bsγ

ik ·R(V s
k,t)

]
i ∈ N , s ∈ Φ, t ∈ T

(12)

where R(·) and I(·) represents real and imaginary parts of
a complex number, Gsγ

ik is the conductance and Bsγ
ik is the

susceptance between phase s and γ for the line between bus
i and k, P s

i,t and Qs
i,t represents active and reactive power

injection at phase s in bus i at time t. Since each phase of a
particular bus has a household connected to it, P s

i,t and Qs
i,t

can be equivalently represented as P h
inj,t and Qh

inj,t.
It should be noted that this approach assumes DNSP has

full information on the configuration and parameters of the
network, and measurement data to perform load flow studies.
In the absence of full network operational visibility, distri-
bution system state estimation techniques discussed in [34],
[35] can be utilised to determine load flows in the distribution
network.

If the resulting three-phase load flow does not result in a
breach of voltage limits for any node i ∈ N , the corresponding
P-Q injection pair for each house is considered feasible. On the
other hand, if the resulting three-phase load flow compromises
voltage limits at any node i ∈ N in the network, the
corresponding P-Q injection pair is discarded from the solution
space for each household. Likewise, the DNSP performs Ns

three-phase load flow scenarios at a certain time step to
determine feasible pairs of P-Q injections at the POC of each
household. Following this, the FOR at the POC of household h
at time t ∈ T given by Bh

t ⊆ Bh
t ⊂ R2 can be mathematically

expressed as:

Bh
t :=


(
P h,ω
inj,t , Q

h,ω
inj,t

) ∣∣∣∣∣∣∣∣∣
v ≤ |V s

i,t| ≤ v

(11), (12)
ω ∈ {1, 2, . . . , Ns}
∀i ∈ N , s ∈ Φ

 (13)

where ω is the index of LHS sampling scenarios.
Compared to a set of P-Q injection pairs representing

explicit set-points that a POC can attain, determining an
operating envelope, i.e., a closed and bounded set, that en-
capsulates the FOR at the POC is beneficial for the DERA in
its decision-making process in electricity markets. Considering
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this, the operating envelope at the POC of house h at time
t is obtained by constructing the convex hull [36] of all
feasible pairs of

(
P h
inj,t, Q

h
inj,t

)
∈ Bh

t in the P-Q space. Since(
P h
inj,t, Q

h
inj,t

)
⊂ R2 for h ∈ H at time t, the representation

of convex hull simplifies to a convex polygon. Therefore, con-
sidering the half-space representation of the convex polygon
[36], the operating envelope for household h at time t can be
mathematically expressed as:

conv(B h
t ) :=

{(
P h
inj,t, Q

h
inj,t

) ∣∣∣ A ·
[
P h
inj,t, Q

h
inj,t

]T ≤ b
}

(14)
where A ∈ Rm×2, b ∈ Rm and m ≤ Ns. In addition to that,
(14) can be easily calculated in time O(n log n) with Multi-
Parametric Toolbox (MPT3) [37].

On the other hand, the number of LHS samples required to
accurately represent the search space and the number of three-
phase load flow scenarios performed to determine feasible P-Q
injection pairs for each household—both governed by Ns in
this work—can be estimated as follows.

Let system state at a certain sampling instant be S =
[X1, . . . , XH ] where Xh corresponds to a random pair of(
P h
inj,t, Q

h
inj,t

)
obtained from the LHS space of household h

and the random output of the system f(S) =
[
Y1, . . . , Y|N |

]
be the bus voltages following a three-phase load flow based
on input states. The expected value of random output (i.e.,
voltages) is given by:

E [f(S)] =
1

Ns

Ns∑
ω=1

f(Sω) (15)

where Sω is the ω-th sampled system state and f(Sω) is the
desired random output variable for ω-th sampled system state.

The variance of the expectation of desired random output
is given by,

Var
[
E [f(S)]

]
=

Var [f(S)]

Ns
(16)

where Var [f(S)] is the variance of f(S) and obtained as:

Var [f(S)] =
1

Ns − 1

Ns∑
ω=1

(
f(Sω)− E [f(S)]

)2

(17)

Thereafter, the variance coefficient β can be estimated as:

β =

√
Var

[
E [f(S)]

]
E [f(S)]

(18)

If ϵ is the threshold parameter (depends on the confidence
interval) [32], Algorithm 1 can be used to estimate Ns.

Algorithm 1: Stopping criteria for the number of LHS
samples

1 initialise Ns = 2;
2 do
3 Calculate βi for i ∈ N using (15)-(18);
4 Estimate βmax from βi for i ∈ N ;
5 Ns = Ns + 1
6 while βmax > ϵ;

Once the DNSP calculates household operating envelopes
for all h ∈ H at a certain time step, the information is passed
to the DERA.

Unlike the conventional approach where the DNSP or the
DERA calculates explicit operating set-points using OPF [10],
[15], [38], time-varying household operating envelopes calcu-
lated in this method provide general information on the FOR,
i.e., flexibility at the POC of each household at a certain time
instant. Moreover, the DERA can utilise DOEs shared by the
DNSP for real-time control of household devices to participate
in wholesale and ancillary service markets. This could be
achieved via a centralised or distributed control scheme [39]
in which household operating envelopes are included as an
additional constraint—which is convex—in the formulation.
Hence, non-linear and non-convex formulations observed in
typical OPF problems for the DERA can be avoided (the real-
time market participation of the DERA based on assigned
dynamic operating envelopes will be discussed in a future
study). On the other hand, the DNSP is able to impose
network constraints on the real-time market operation via
dynamic operating envelopes without sharing network-specific
information with the DERA.

The calculation of individual household DOEs employs a
near-real time approach where household load and generation
data for the upcoming interval (e.g., 5-mins, 15-mins) is
considered. By considering a short time interval, for example,
5-mins, load and generation forecast uncertainties can be
neglected in constructing household DOEs at a certain time
instant.

2) Determining aggregate time-varying envelopes
In addition to time-varying envelopes that provide infor-

mation on individual household flexibility, determining DOEs
that aggregate the FOR of downstream nodes, i.e. households,
will be beneficial for the DERA to assess the flexibility of
a particular network and determine market decisions. To this
end, the aggregate time-varying envelope of downstream nodes
is evaluated by the Minkowski sum [36] of household DOEs.

Let conv
(
B1
t

)
, conv

(
B2
t

)
, . . . , conv

(
BH
t

)
be the set of

DOEs of households at time t ∈ T . Therefore, the aggregate
envelope of downstream nodes (where households are con-
nected) at time t ∈ T represented by At can be obtained as:

At = conv
(
B1
t

)
⊕ conv

(
B2
t

)
⊕ . . . conv

(
BH
t

)
(19)

where ⊕ represents Minkowski addition.
3) Estimating operating envelopes for the offline operation
The household DOEs in section II-B1 and the aggregate

operating envelope in section II-B2 are calculated in real-time
based on near real-time measurements of household demand
and generation. However, if household forecasts are available
for a certain horizon, for example, 30-mins, 1-hour, 24-hours,
such forecasts can be utilised to calculate household DOEs
and aggregate operating envelopes offline. This information
will be of practical importance for the DERA, especially in
the planning stage. For instance, with 24-hours ahead forecasts
of household load and generation data, the DNSP can estimate
operating envelopes for the forward horizon and then utilise
them to obtain an envelope for each household that outlines
the overall FOR for that particular period. Thereafter, the
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DNSP shares this 24-hour ahead operating envelope for each
household with the DERA to utilise this information in its
day-ahead scheduling operation.

Let conv(Bh
t0), conv(B

h
t0+1), . . . , conv(Bh

t0+T ) be the
time-varying operating envelopes at the POC of household
h ∈ H calculated as in section II-B1 for the period [t0, t0+T ],
the envelope that outlines the overall FOR (Bh) can be
obtained as follows:

Bh = conv
(
conv(Bh

t0), conv(B
h
t0+1), . . . , conv(Bh

t0+T )
)

(20)
It should be noted here that Bh for h ∈ H in (20) is
constructed by obtaining the convex hull of time-varying
operating envelopes. This is similar to obtaining an outer
approximation of time-varying envelopes of a household.
Since (Bh

t0+1), . . . , conv(Bh
t0+T ) represent T + 1 number of

convex sets such that Bh
t ∈ R2 for h ∈ H and t ∈ [t0, t0+T ],

the convex hull of (Bh
t0+1), . . . , conv(Bh

t0+T ) is also convex
and can be calculated in time O(n log n) [36]. Also, Bh is
time-invariant.

On the other hand, with household envelopes conv(Bh
t )

for all h and t ∈ [t0, t0 + T ], the aggregate time-varying
envelopes At for t ∈ [t0, t0 + T ] can be calculated as in
section II-B2. Thereafter, an envelope representing the overall
FOR of downstream nodes of the network for the considered
period can be obtained using an approach similar to the case
where overall household FOR is determined.

Let At0 ,At0+1, . . . ,At0+T represent aggregate time-
varying envelopes for the period [t0, t0+T ], then the envelope
outlining the overall aggregate feasible region of operation of
downstream nodes (A f ) can be obtained as:

A = conv (At0 ,At0+1, . . . ,At0+T ) (21)

Similarly, A in (21) is an outer convex approximation of time-
varying aggregate envelopes and is time-invariant.

The aggregate time-invariant envelope A quantifies the
overall FOR for a particular period of time. On the other hand,
considering day-ahead market participation, with such offline
information from different LV feeder networks, the DERA is
able to allocate power set-points to each upstream point of LV
networks via an optimisation approach.

III. RESULTS AND DISCUSSION

The proposed approach is validated on a practical residential
LV residential network in Queensland, Australia [40]. The
single-line diagram of the network is shown in Fig. 3. Since
network data is only available up to the pole-level, it is
assumed that a single household is connected to each phase
s ∈ Φ of all P-Q buses (bus 2 to bus 35 ). This results in a
total of 34× 3 = 102 customers.

It is assumed that each household h ∈ H is equipped
with a rooftop PV inverter. The historical household load and
generation profiles are obtained from the real-time monitor-
ing platform associated with the pilot project conducted by
the Centre for Energy Data Innovation at the University of
Queensland (see [41] for more details). In this regard, 5-
min sampled household load profiles of 12 residential cus-
tomers and 5-min sampled rooftop PV generation profiles of
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Fig. 3. The single line diagram of the LV residential network [40]; bus 1
(red triangle) represents the LV distribution transformer; black dots (bus 2 –
bus 35 ) represent P-Q buses (poles); a household is connected to each phase
of each bus except 1 ; black lines represent overhead conductors; italicised
numbers in blue represent pole-to-pole and transformer-to-pole distances in
metres.

5 household customers are considered. Fig. 4 shows 5-min
sampled normalised active power consumption profiles and
PV generation profiles of the chosen set of households on
22-03-2020 for a period of 24-hours. The normalised profiles
are randomly allocated among 102 households such that, for
uncontrollable loads, the base consumption is assumed to vary
between 2 to 6 kW with φh

L = 0.95 pf lagging (aligned
with small customer connection standards of the DNSP [1])
for all h and for rooftop PV generation, inverter ratings are
[3.0, 3.6, 4.0, 5.0, 6.0, 8.0] kWp with φh

PV = 0.8 ∀h ∈ H
(lagging/leading) [42].

The overall algorithm is written in MATLAB on a desktop
computer equipped with an Intel(R) Core i7 3.20 GHz CPU
and 16 GB RAM. For three-phase load flow studies, the LV
network in Fig. 3 is modelled in OpenDSS [43]. The voltage
statutory limits are v = 0.95 pu and v = 1.10 pu [1]. The
convex hull and Minkowski sum operations are performed in
MPT3 [37]. Aligned with wholesale market operations of the
National Electricity Market (NEM) [2], [44], the sampling size
for calculating dynamic operating envelopes at the connection
point of households (described in section II-B1) is chosen to
be 5-mins.

As the first step, the number of samples in the LHS
search space of each household (same as the number of load
flow scenarios) is determined as described in Algorithm 1 in

0

0.5

1
Normalised active power consumption

00:00 03:00 06:00 09:00 12:00 15:00 18:00 21:00 00:00
0

0.5

1
Normalised active power generation

Fig. 4. Normalised profiles of active power consumption of loads and active
power generation of rooftop PV for a period of 24-hours
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Fig. 5. Determining Ns for LHS

section II-B1. For this purpose, Ns is increased from 2 to 500
in steps of 1 and for each step, the value of βmax is calculated.
Fig. 5 shows the variation of βmax with Ns. From the plot, the
threshold is set to be 0.001 (= 0.1%) and the corresponding
value of Ns is obtained as 100. Also, it is observed that beyond
Ns = 100, there is no significant improvement in the value
of βmax. Following this, Ns = 100 sampling instances in the
LHS search space are considered and 100 three-phase load
flow scenarios are performed to determine household DOEs
at each time step.

A. The behaviour of household operating envelopes

Considering Ns = 100, the dynamic behaviour of OEs of 4
households equipped with different PV inverters (see Table II
for details) is studied for a period of 24-hours. According
to Fig. 6, operating envelopes tend to expand from 09:00
until around 12:00. Afterwards, the envelope shrinks from
around 12:00 to 16:00. This can be understood by analysing
the variation of the PV profile in Fig. 4. For instance, when
the PV generation is low for all households (around 08:00
and 16:00), the envelope is small whereas when the PV
generation is at the peak for all households (occurs around
12:00), the envelope remains large. For the rest of the period,
i.e., from 09:00 to 12:00 and 12:00 to 16:00, the operating
envelope of each household tends to follow its identical
PV profile. On the other hand, the dynamic behaviour of
operating envelopes provides implications to the flexibility
at end-users’ POC during different times of the day. When
PV generation is low, a household will have significantly less
or no flexibility whereas when PV generation is at its peak,
the flexibility at the POC will be maximum. Moreover, the
average execution time, i.e., the time to execute one step of
the real-time algorithm in determining household DOEs, is
approximately 25.36 sec (≪ 5-min). Since this is compliant

TABLE II
DETAILS OF HOUSEHOLD UNDER STUDY

House # Connected bus PV rating [kWp]
electrical distance
from bus 1 [m]

3 2 4.0 40
37 14 5.0 301
73 26 6.0 200
98 34 8.0 211

(a) H3 (b) H37

(c) H73 (d) H98

Fig. 6. The behaviour of household time-varying envelopes under Ns = 500
(the variation from 08:00 to 16:00 is shown for clarity)
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Fig. 7. Voltage magnitude and angle at each node considering Ns = 100 at
12:00

with the market clearing interval [44], it can be claimed that
the overall approach is scalable practically.

Fig. 7 shows voltage magnitudes and angles of each three-
phase bus that is obtained by performing Ns = 100 load flow
scenarios at 12:00. It can be clearly observed from Fig. 7a
that voltage magnitudes differ in each phase of all buses,
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Fig. 8. Comparison of the overall feasible region of operation of households
3, 37, 73 and 98 throughout 24-hours

thus, leading to voltage unbalance. On the other hand, it is
also noticed that for certain probabilistic load flow scenarios,
P-Q injections obtained from the LHS search space of each
POC results in the violation of voltage statutory limits given
by [0.95, 1.05] pu. Nonetheless, such scenarios are omitted
in constructing household DOEs. Moving on to Fig. 7b, it is
observed that phase voltage angles are nearly separated by
120°.

Fig. 8 depicts the overall FOR in the P-Q plane of house-
holds given in Table II throughout 24-hours (calculated as in
section II-B3). It can be observed from the figure that, the
overall feasible region is proportional to the size of the PV
inverter. For instance, the overall envelope size is larger in
household 98 (equipped with an 8.0 kWp inverter) compared
to household 3 which is equipped with a 4.0 kWp inverter.
On the other hand, it is also seen that, the overall feasible
region is approximately asymmetric and tends to shift towards
the region P inj > 0 (exporting power) as the size of the
PV inverter increases. In addition to that, the overall feasible
region tends to stretch out along Q inj axis as the inverter rating
increases. This overall behaviour is intuitive as households are
capable of exporting more active power to the grid if solar
generation is available and the inverter rating is high. The
reactive power limits introduced in (4) provide flexibility in
both Q inj > 0 and Q inj < 0 directions. A further inspection
of the results suggests that for households 73 and 98 equipped
with 6.0 kWp and 8.0 kWp inverters respectively, operating
envelopes allow active power exports beyond 5 kW fixed
export limit [1]. Thus, the proposed approach for operating
envelopes supports greater utilisation of existing household
DER assets.

B. The behaviour of aggregate operating envelopes

The aggregate envelope of downstream nodes (node 2 - 35
in Fig. 3) at each time instant is shown in Fig. 9. Similar to

Fig. 9. The behaviour of aggregate time-varying operating envelopes (At for
t ∈ T ) at the LV distribution transformer 1 (the variation from 08:00 to
16:00 is shown for clarity)

Fig. 10. The overall aggregate feasible region of operation (A ) of the LV
distribution transformer 1 over a period of 24-hours

household DOEs, the aggregate envelope expands as the solar
generation increases and shrinks when the solar generation
reduces. Also, compared to household DOEs, the boundaries
of aggregate envelopes are smoother due to the Minkowski
addition of individual envelopes as described in section II-B2.
While time-varying aggregate envelopes are helpful for the
DERA in assessing the flexibility of a particular feeder in real-
time, it is also understood that the flexibility at node 1 is an
accumulation of individual flexibility provided by rooftop PV
generation at each household.

Fig. 10 shows the overall feasible region of operation at
node 1 throughout 24-hours. As can be seen from the figure,
the overall FOR obtains an outer approximation of aggregate
time-varying operating envelopes and encapsulates the region
−200 ≤ P inj < 350 kW and −400 < Q inj < 250 kVar.

Fig. 11a illustrates the probability density of aggregate time-
varying envelopes in the P-Q space over a period of 24 hours.
Fig. 11b represents the probability density of region A which is
bounded by −165 ≤ P inj < −20 kW and −75 < Q inj < 10
kVar. It can be clearly seen from Fig. 11b that the P-Q
feasible operating points are more likely to fall in the region
−80 ≤ P inj < −20 kW and −30 < Q inj < 0 kVar compared
to the wider FOR of the overall aggregate envelope observed
in Fig. 10. For instance, the region where the probability
is high only corresponds to 0.50% of the total area of the
overall aggregate feasible region. This is expected as the
overall aggregate FOR represents an outer approximation of
time-varying aggregate envelopes, not a probabilistic estimate.
Nonetheless, with similar information on overall aggregate
envelopes from multiple LV feeder networks, the DERA is
able to assess the flexibility at each feeder and bid in day-
ahead markets to maximise its social welfare while ensuring
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(a) The probability density of aggregate time-varying envelopes
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Fig. 11. The probability density of aggregate time-varying envelopes for 24-
hours

secure network operation.

IV. CONCLUSION

In this study, a novel approach is proposed for the DNSP to
determine operating envelopes that explicitly account for the
feasible operating regions of households. Under the proposed
approach, the DNSP employs load flow studies on a Latin
hypercube sampling search space followed by a convex hull
approximation to determine envelopes that outline the FOR
in the P-Q plane without violating statutory voltage limits.
Furthermore, the DNSP also determines: 1) a feeder-level
aggregate envelope that represents the aggregate flexibility
of downstream nodes of the network; 2) household-level
and feeder-level time-invariant envelopes that encapsulate the
overall FOR for the forward horizon. Some of the key findings
of the study are as follows:

• The behaviour of household operating envelopes confirms
that end-user flexibility is proportional to the availability
of rooftop PV generation and the inverter rating.

• With inverter ratings greater than 5 kWp, for certain time
periods of the day, the proposed DOE scheme is able to
export active power beyond 5 kW static limit without
breaching network constraints. This leads to effective
utilisation of consumer-owned DERs in LV distribution
networks.

• Based on the probabilistic assessment of aggregate time-
varying envelopes, it can be concluded that the actual
operation in the P-Q plane is limited to a smaller region
(approximately 0.5% in area) compared to the analytical

calculation of the overall aggregate feasible operating
region.

• Considering typical LV distribution networks, the pro-
posed approach is able to determine household envelopes
in less than the 5-mins. Hence, it can be concluded that
the overall approach is scalable.

These findings are particularly relevant for future DNSPs
to achieve greater network utilisation while ensuring network
integrity, and for DERAs to unlock greater profitability in
wholesale electricity markets.

In future work, the authors would like to improve the
robustness of the proposed DOE framework against uncer-
tainties associated with long-term forecasts of household load
and generation, imperfections in the underlying bi-directional
communication infrastructure between the end-user and the
grid, and limited knowledge of the physical network, e.g.,
topology, conductors, equipment specifications and ratings.
In addition to that, it would also be interesting to extend
the capabilities of the proposed approach to address network
voltage unbalance.
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