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 
Abstract—A Dynamic Operating Envelope (DOE) specifies the 

available capacity to import/export power for Distributed Energy 
Resources (DERs) or connection points of a distribution network 
in a time interval without violating its physical and operational 
constraints. This paper proposes a two-stage, top-down approach 
to allocate DOEs in MV-LV (medium voltage-low voltage) inte-
grated distribution networks. In the first stage, Distribution Sys-
tem State Estimation (DSSE) and Capacity Constrained State Op-
timisation (CCSO) techniques are employed to allocate DOEs at 
transformer connection points. Using network data from available 
metering infrastructure, DSSE estimates the current operational 
state of the network, whereas CCSO facilitates the DOE alloca-
tions at transformer connection points considering technical, soft-
equitable and equitable perspectives. In the second stage, the allo-
cated DOEs, containing available aggregate export/import power, 
are distributed among DERs of LV networks ensuring network in-
tegrity. Real-world data of an Australian MV-LV network is em-
ployed to demonstrate the effectiveness of proposed approach. 
Test results show that technical perspective can offer maximum 
allocated export/import power, whereas, minimum disparity of al-
located power among different connection-points is attained for 
equitable perspective. Further, insightful performance studies of 
DOE and existing fixed export policies are conducted considering 
the condition of present as well as future power systems expecting 
substantial proliferations of renewables.  
 

Index Terms—dynamic operating envelope, distribution system 
state estimation, optimisation, network’s constraints, distributed 
energy resources. 

NOMENCLATURE 

Notation 
 
ℜሺ⋅ሻ,ℑሺ⋅ሻ real and imaginary parts of a complex number 
𝐻 set of households (all), indexed by h 
𝐻∗ሺ⊂ 𝐻ሻ set of households representing DOE-registered 

prosumers, indexed by ℎ∗ 
𝒩 set of 3-phase buses in the LV network 
𝒩ℎషሺ⊂ 𝒩ሻ set of 3-phase buses connected with passive 

customers 
𝒩ℎశሺ⊂ 𝒩ሻ set of 3-phase buses connected with fixed ex-

port (FE) prosumers 
𝒩ℎ∗ሺ⊂ 𝒩ሻ set of 3-phase buses connected with DOE 

prosumers 
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𝛷 set of phases ሼ𝑎, 𝑏, 𝑐ሽ 
𝛷௞ሺ⊆ 𝛷ሻ set of bus-k phases 
𝛷௞,ℎషሺ⊆ 𝛷ሻ set of bus-k phases connected with passive cus-

tomers 
𝛷௞,ℎశሺ⊆ 𝛷ሻ set of bus-k phases connected with fixed-export 

prosumers 
𝛷௞,ℎ∗ሺ⊆ 𝛷ሻ set of bus-k phases connected with DOE 

prosumers 
𝛥𝑝௞

௦ available import/export power to/from the 
house at phase 𝑠 ∈ 𝛷௞,ℎ∗ of bus 𝑘 ∈ 𝒩ℎ∗ 

𝛥𝑝௧௢௧௔௟ available import/export power at the LV trans-
formers’ end in a given time-interval 

𝑝෤௞
௦  

 
measured active power at the house connected 
at phase 𝑠 of bus 𝑘  

𝑞෤௞
௦ measured reactive power at the house con-

nected at phase 𝑠 of bus 𝑘  
𝑣௞
௦ complex voltage at bus-𝑘 of phase 𝑠 

𝐺௞௝
௦ఊand 𝐵௞௝

௦ఊ conductance and susceptance of nodal admit-
tance matrix of LV network 

𝑣̱ and 𝑣̄ lower and upper limit of voltage (statutory) 

𝛥𝑝௞
௦,௢௣௧ Optimal allocation of available export/import 

power at the house connected at phase 𝑠 ∈
𝜙௞,ℎ∗ and bus 𝑘 ∈ 𝒩ℎ∗ 

𝛥𝑝௞
௦,equi Equitable allocation of available export/import 

power at the house connected at phase 𝑠 ∈
𝜙௞,ℎ∗ and bus 𝑘 ∈ 𝒩ℎ∗ 

∆𝑃௜
௘௫௣ Available export power at the distribution 

transformer i 
∆𝑃௜

௜௠௣ Available import power at the distribution 
transformer i 

I.  INTRODUCTION 

HE traditional electricity networks were designed for one-
way aggregate energy flows where the physical and opera-
tional limits of the network are respected for a well charac-

terised energy consumption pattern. However, over the last dec-
ade, electricity distribution networks have experienced dynamic 
two-way flows of energy due to high uptake of un-orchestrated 
distributed energy resources (DERs), such as, solar photovoltaic 
(PV), small/medium-scale batteries, etc. At times, reverse power 
flow, too low or too high net demand, may impose threat on the 
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physical and operational limits. In this context, the impact of 
rooftop solar PV has been assessed in literature for the last decade 
[1-4]. Therefore, to mitigate network’s statutory limit viola-
tions, static import/export limits on connection points have been 
brought into practice. For instance, Energex, the distribution 
network operator in South East Queensland, Australia, enforces 
5 kW export limits and 10 kW import limits for customer con-
nections [5]. However, these static limits are based on worst-
case loading and generation scenarios that rarely occur in prac-
tice. Thus, these conservative limits may lead to underutilisa-
tion of consumer-owned DERs in low-voltage (LV) networks.  

In addition to static limits, a potential solution through active 
network management strategies (including volt/var and volt/watt 
settings in the inverters) have been brought into practice as per 
the rules set out in AS/NZS 4777.2 and IEEE 1547.2 standards 
[6-7]. These strategies are focused on providing set-point control 
for DERs that will best allow some operational objectives to be 
achieved. Though these strategies can ensure network integrity 
for substantial period of time, overall network integrity may still 
not be guaranteed at all times. 

To alleviate these issues, a novel technique, namely, Dy-
namic Operating Envelope (DOE), has been introduced that can 
efficiently utilise existing electricity infrastructure while appro-
priately managing distribution network’s constraints. As per the 
outcome study report on DOEs, published by the Australian Re-
newable Energy Agency (ARENA), DOEs are defined as “op-
erating envelopes [that] vary import and export limits over time 
and location based on the available capacity of the local net-
work or power system as a whole” [8]. Overall, the benefits of 
DOEs can be summarised as: 1) DOE enable more solar and 
battery power exports to the grid, 2) it provides greater market 
efficiency under greater network capacity leading to a reduction 
of wholesale electricity market prices [9], and 3) it can mini-
mise the need for costly supply-side upgrades under greater net-
work asset utilisation and efficient use of the existing network. 
According to [10], DOEs can be implemented at a customer 
connection point or at the terminals of DER assets. For cus-
tomer connection points, the total behind-the-meter power 
flows are constrained by the operating envelope. In case of DER 
assets, DOEs provide a range on DERs’ active and reactive 
power set points (referred to as nodal limits on real and reactive 
power injection or demand) ensuring that, physical and opera-
tional limits of the network are not breached. Compared to the 
conventional approach where static import-export limits are de-
termined at the customer connection point, DOEs accommodate 
greater utilisation of the existing electrical infrastructure whilst 
honouring network statutory limits. For graphical illustration, a 
schematic view of DOE is depicted in Fig. 1. 

Considering the implementation of DOEs in low-voltage (LV) 
networks, the authors in [11] have proposed an approach for the 
wholesale market participation of DERs in an MV-LV integrated 
network. In this method, at each time step, the distribution net-
work operator (DNO) performs a load flow to verify network 
constraint violations, and if exist, a three-phase snapshot Optimal 
Power Flow (OPF) problem is solved to assign dynamic export 
limits for households. Otherwise, the planned household opera-
tion remains unchanged. Furthermore, each household solves a 
typical home energy management problem considering the bat-
tery storage to be the controllable DER asset. In [12], a network-
aware scheduling scheme for end-users in day-ahead markets is 

introduced. First, the DNO solves a three-phase OPF problem to 
calculate envelopes for end-users. In the next step, households 
send information on envelopes to the aggregator. Finally, the ag-
gregator determines the schedule of battery storage based on en-
velopes calculated by the DNO. In [13], the authors have demon-
strated a real-world implementation of a two-level control ap-
proach for local network management. At the DNO level, a 
multi-period OPF-scheduling problem is solved, and at the 
prosumer-level, household battery storage is controlled to limit 
the active power at the customer point-of-connection. A further 
extension of the work in [13] is proposed in [14] where network-
secure envelopes are proposed for market participation of end-
users in LV residential networks. In addition to active power con-
trol at the connection point, a Q-P controller is also proposed for 
the commitment of reactive power. Despite the accuracy and 
computational performance, the applicability of the approach is 
only limited to assigning DOEs for downstream nodes of a par-
ticular MV/LV transformer. 

As opposed to solving an optimisation problem in OPF-based 
schemes, calculating network-sensitivity factors using analytical 
and regression-based methods and thereby determining power 
limits at end-user connection points is also exploited in the exist-
ing literature. For instance, the authors in [15] have presented a 
methodology to integrate DNOs with aggregators for secure 
scheduling and real-time operation of demand response (DR) in 
LV networks. In doing so, a regression-based method is em-
ployed to determine sensitivities of active and reactive power 
with respect to network states, e.g., voltages and currents. In [16], 
numerically calculated network sensitivity coefficients are used 
to determine active and reactive power set-points for DERs and 
thereby to develop a two-layer framework for the day-ahead 
scheduling and real-time control operation in wholesale markets. 
Effective distribution system management has been reported in 
[17-18] by incorporating the control decisions of battery energy 
storage (BES) systems considering the network constraints. 
However, the implementation of these methods poses a substan-
tial challenge as the underlying assumptions of these studies 
could create regulatory issue between DNO and a third-party 
(e.g., aggregator) [11]. 
 

 
 

Fig. 1.  A schematic diagram illustrating the available export-import power of 
DOE.  
 

To estimate DOE for MV-LV integrated networks, most of the 
reported approaches in literature have assumed the availability of 
error-free meter-data at each time-interval considering full ob-
servability and then, OPF is conducted to determine dynamic op-
erating envelopes. For example, in [11], an integrated MV-LV 
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OPF problem is solved to assign operating envelopes for DER 
connections. However, this approach often leads to a formulation 
of an OPF problem with a large number of decision variables rep-
resenting nodal voltages, power set-points for end-users, and 
therefore, is computationally challenging. On the other hand, the 
meter-data from real MV-LV networks may be impacted by 
measurement deficiency (e.g., meter error, communication fail-
ure, etc.) at some/most of the time-intervals. For such plausible 
situations, an approach similar to MV-LV OPF as introduced in 
[11] — with the assumption of fully observable network esti-
mated from error-free meter-data — may not be adopted to de-
termine DOEs with precision. To alleviate these challenges and, 
to aim for a robust practical implementation, a novel two-stage, 
top-down approach is proposed in this article for allocating DOEs 
for households.  

The first stage of the overall two-stage approach exploits Dis-
tribution System State Estimation (DSSE) [19] technique to ac-
quire operational states of the MV network using real meter-data 
with a balanced representation of the physics of the network. Tra-
ditional distribution networks are typically equipped with min-
imum meters with limited visibility/observability. Strategically, 
state estimation can point out the unobservable locations and 
can ensure the full observability with the inclusion of branch 
measurement devices in those unobservable locations [19]. 
Hence, DSSE can effectively ensure the accuracy in voltage and 
angle estimation considering the theoretical as well as real-field 
aspects. Thus, the choice of DSSE is mainly due to the tolerance 
to partially under-determined network equipped with real meas-
urements which could be impacted by measurement deficiency. 
A Capacity Constrained State Optimisation (CCSO) problem is 
then adopted to calculate DOEs at each MV/LV transformer of 
the network.  

In the second stage, the allocated transformer-level DOEs are 
distributed optimally among DOE-enabled households in each 
LV network via an unbalanced AC OPF approach. Unlike [11] 
where a single OPF problem is solved to allocate DOEs among 
households, our two-stage approach is favourable in the sense 
that it readily allows parallel evaluation of OPF at LV networks 
at each stage with less decision variables and therefore, reduces 
the computational time. On the other hand, by not limiting the 
decision-making process to a single objective as in [11,13,14], 
our approach provides the flexibility to the DNO to adopt diverse 
business strategies: technical, soft-equitable, and equitable, to as-
sign DOEs at distribution transformers’ end. Furthermore, the 
formulation of the CCSO problem in the first stage fits well with 
fairly balanced MV networks and the unbalanced AC OPF for-
mulation in the second stage accurately captures inherent unbal-
anced nature in typical LV networks.  

In summary, the key contributions of the paper are: 
1) The optimisation platform of proposed framework offers the 
flexibility to investigate technical, soft-equitable and equitable 
perspectives for DOE allocations. Thus, depending on the 
evolving network states and/or business strategies, the perspec-
tives of DOE allocations could be adjusted/changed accord-
ingly. 
2) The available export/import power at LV networks have been 
allocated among DOE prosumers ensuring reasonable fairness 
that can be achieved under equitable DOE allocation. 

3) The proposed approach offers parallel evaluation of unbal-
anced AC-OPF for the individual LV networks and thus, re-
duces the computational time. 

The remaining part of the paper is organised as follows. Sec-
tion II discusses the formulation of the problem to estimate 
DOEs. The proposed methodology is elaborated in Section III. A 
comprehensive case study using a real MV-LV integrated net-
work and its historical data is detailed in Section IV. Further, the 
test results followed by insightful discussions are presented in 
Section IV, considering the current as well as future power sys-
tems enriched with high renewables. Discussions and final con-
clusions are detailed in Sections V and VI, respectively.  

II.  PROBLEM FORMULATION 

In the first stage of our proposed approach, a CCSO problem 
coupled with DSSE is formulated to assign DOEs at MV/LV 
transformers’ end of MV network. The CCSO-based formulation 
further takes into account of diverse business strategies for the 
DNO in allocating DOEs at distribution transformers’ end. In the 
second stage, an unbalanced AC-OPF problem is formulated at 
the LV network to assign set-points for DOE-enabled DERs, re-
specting the physical and operational limits of the LV network. 
Please note, DSSE is estimated by adopting the methodology pre-
sented in [19]; please refer to [19-23] for detailed discussions on 
state estimation and DSSE. This section formulates the CCSO 
problem with detailed explanations in section II-A.1) and section 
II-A.2); the problem in regards to allocating available ex-
port/import power for DOE-enabled prosumers is formulated in 
section II-B. 

A.   Formulation of the CCSO problem 

Capacity constrained state optimisation (CCSO) is an alterna-
tive approach to determine optimum utilisation of a particular 
network by loads and generators, respecting the operational and 
technical limits of the network [19]. In other words, the CCSO 
problem determines a set of linear inequalities on decision varia-
bles which describes the control subspace that contains all feasi-
ble combinations of control variable set-points at a particular op-
erating state of the network. Since MV networks are fairly bal-
anced, the CCSO approach is utilised to determine DOEs at dis-
tribution transformer level of the MV network. 

 1)  Capacity Constrained Operational Parameters 
Consider the steady-state operation of an n-bus distribution 

network with the input vector 𝛂 given by 
 

𝜶 ≡ ሺ|𝑉ଵ|, 𝛿ଵ,𝒖,𝒘ሻ                               (1) 

𝒖 ≡ ൫𝒖ଵ,⋯ ,𝒖௞ ,⋯ ,𝒖௄೙೎൯
்

,  𝒖௞ ≡ ሺ𝑃௞ ,𝑄௞ሻ் ,  ∀𝑘 ∈ 𝒦௡௖  (2) 

𝒘 ≡ ൫𝒘ଵ,⋯ ,𝒘௞,⋯ ,𝒘௄೎൯
்

,  𝒘௞ ≡ ሺ𝑃௞ ,𝑄௞ሻ்,  ∀𝑘 ∈ 𝒦௖  (3) 
where 𝒦௖ is the set of controllable PQ buses (containing control 
variables), and 𝒦௡௖ is the set of uncontrollable PQ buses. Also, 
𝐾௖ and 𝐾௡௖ are the number of buses in the sets 𝒦௖ and 𝒦௡௖, 
respectively. Please note, in (1)-(3), the buses connected with 
DERs are referred to as controllable PQ buses, whereas, the 
buses without DERs are referred to as uncontrollable PQ buses. 

The complex voltage vector at each node, which represent the 
internal state of a network, can be estimated by state estimation 
approach taking 𝛂 as inputs [20-23]. Thus, the estimated state, 𝐒, 
of the entire network can be given by 

𝐒 ≡ ሺ|𝑉|ଵ, 𝛿ଵ,⋯ , |𝑉|௞ , 𝛿௞ ,⋯ |𝑉|௡, 𝛿௡ሻ,  ∀𝑘 ∈ 𝒩      (4) 
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where 𝒩 ൌ ሼ1,⋯ ,𝑛ሽ is the set of all buses; and, alternatively, 
it can be presented as  𝒩 ൌ ሼ1ሽ ∪ 𝒦௖ ∪𝒦௡௖. 

The impact of control variables, 𝐰, on the constrained output 
variables (e.g., voltage, line current, etc.), can be represented as 
output vector 𝛃, which is comprised of non-analytic and non-lin-
ear functions. Therefore, an analytical Jacobian approach, as re-
ported in [24], is adopted in this article to establish the linear map 
between control variables and constrained output variables. To 
this end, Jacobian matrix of the constrained output variables’ 
functions can be computed from (5) 

𝐉𝛃 ൌ

⎣
⎢
⎢
⎡
డఉభ
డ௏భ

ೝ೐
డఉభ
డ௏భ

೔೘ ⋯ డఉభ
డ௏೙

ೝ೐
డఉభ
డ௏೙

ೝ೐

⋮ ⋮ ⋱ ⋮ ⋮
డఉ೘
డ௏భ

ೝ೐
డఉ೘
డ௏భ

೔೘ ⋯ డఉ೘
డ௏೙

ೝ೐
డఉ೘
డ௏೙

ೝ೐⎦
⎥
⎥
⎤
                    (5) 

where 𝑉௜
௥௘ and 𝑉௜

௜௠ represent the real and imaginary part of com-
plex voltage 𝑉௜ at bus i. The functional relationship between the 
state variables vector and constrained output vector is established 
by 𝛃. It is worth mentioning that, aligned with the work in [24], 
Jacobian 𝐉𝛃 is dependent on the relationship between voltages 
and powers. Similarly, the functional relationship between the 
state vector and the input vector by 𝛂 can be established. Upon 
checking the necessary conditions for linearisation, as reported in 
[24], the linear map between input and output constrained varia-
bles can be established. To this end, the knowledge of classical 
Newton-Raphson load flow study dictates that the Jacobian ma-
trix of input and output vectors can build the linear relationship 
of the change of state variables (e.g., ∆|V|) with their respective 
input and output vectors as given by (6)-(7)        

Δ𝛂 ൌ 𝐉𝛂ሺ𝐒ሻ.∆𝐕                                (6) 

Δ𝛃 ൌ 𝐉𝛃ሺ𝐒ሻ.∆𝐕                               (7). 

From (6) and (7) we get, 

  Δ𝛃 ൌ 𝐉𝛃ሺ𝐬ሻ. 𝐉𝛂ିଵሺ𝐒ሻ.Δ𝛂                          (8). 

For a power system containing redundancy which may lead 
towards singularity, inverse matrix may not exist and hence, the 
inverse matrix of (8) is transformed into pseudo inverse matrix 
(𝐉𝛂
றሺ𝐒ሻሻ, adopting the technique presented in [25]. Now, (8) can 

be restated as (9) 

Δ𝛃 ൌ 𝐉𝛃ሺ𝐒ሻ. 𝐉𝛂
றሺ𝐒ሻ.Δ𝛂                          (9) 

From (9) it is found that the product of two Jacobian matrix es-
tablishes the linear map between input and output vectors. The 
product can be simplified as 

𝐉𝛂𝛃ሺ𝐒ሻ ൌ 𝐉𝛃ሺ𝐒ሻ. 𝐉𝛂
றሺ𝐒ሻ                         (10) 

Technically, all constrained output variables lie within a specified 
lower and upper limit, i.e., 𝛃୫୧୬ ൑ 𝛃ሺ𝛂ሻ ൑ 𝛃୫ୟ୶ ; therefore, to 
express the linear constraints of 𝛃ሺ𝛂ሻ, a first-order Taylor Series 
expansion at an operating point 𝐒𝟎 is exploited, which yields 

𝛃௠௜௡ ൑ 𝛃ሺ𝛂ሻ|𝛂ୀ𝛂𝟎 ൅ 𝐉𝐰𝛃ሺ𝐒ሻห𝐒ୀ𝐒𝟎
.Δ𝐰 ൑ 𝛃௠௔௫         (11). 

In (11), assuming that no change will incur in the network during 
the time-series computational step-interval, only the change of 
control variables, Δ𝐰, is considered and accordingly, 𝐉𝛂𝛃ሺ𝐒ሻห𝐒ୀ𝐒𝟎

 

is replaced by 𝐉𝐰𝛃ሺ𝐒ሻห𝐒ୀ𝐒𝟎
. Now, rearranging (11) we get, 

቎
𝐉𝐰𝛃ሺ𝐒ሻห𝐒ୀ𝐒𝟎
െ𝐉𝐰𝛃ሺ𝐒ሻห𝐒ୀ𝐒𝟎

቏ .Δ𝐰 ൑ ቈ
𝛃௠௔௫ െ 𝛃ሺ𝛂ሻ|𝛂ୀ𝛂𝟎
െ𝛃௠௜௡ ൅ 𝛃ሺ𝛂ሻ|𝛂ୀ𝛂𝟎

቉            (12) 

Note that selection of sensible network conditions and opera-
tional variables ensures the convexity of (12). Now, considering 
voltage as network’s capacity constraints, in conjunction with the 
active and reactive power as control variables, the inequality (12) 
can be restated as 

ቈ
𝐉ሺ𝐏𝟎,𝐐𝟎ሻሺ𝐒ሻ|𝐒ୀ𝐒𝟎
െ𝐉ሺ𝐏𝟎,𝐐𝟎ሻሺ𝐒ሻ|𝐒ୀ𝐒𝟎

቉ . ൤
𝛥𝑷
𝛥𝑸൨ ൑ ቈ

𝑽௠௔௫ െ 𝑽ሺ𝛂ሻ|𝛂ୀ𝛂𝟎
െ𝑽௠௜௡ ൅ 𝑽ሺ𝛂ሻ|𝛂ୀ𝛂𝟎

቉       (13) 

In addition to (13), constraining the control variables yield the 
general CCSO problem for the network, which is given by (14)-
(16) 

min
𝒙
𝑓ሺ𝒙ሻ                                     (14) 

                  subject to:   𝑨.𝒙 ൑ 𝒃                                      (15) 
                                              and 

𝒙௠௜௡ ൑ 𝒙 ൑ 𝒙௠௔௫                            (16) 

where 𝑨 (coefficient matrix) is basically the Jacobian matrix pre-
sented in (13), x is the control variables comprising of active 
and/or reactive power, and b (coefficient vector) contains the 
limit of constrained output vector (e.g., voltage limit, line current 
limit, thermal limit, etc.) at an operating point.  
 

 2)  CCSO for DOE 
The general representation of CCSO, as shown in (14)-(16), 

with consideration of active power to be the only controllable 
variable, is exploited in this article to deploy the concept of DOE 
at MV/LV transformers’ connection points. However, for DOE 
allocation, depending on service provider’s adopted policy - 
which could be governed by either technical or soft-equitable or 
equitable perspectives - the constraints on general optimisation 
problem are adjusted as detailed below. 

(i) Technical Perspective: The objective of technical perspec-
tive is to maximise the amount of energy transfer by a power 
network during a given period of time. Therefore, available 
power allocation strategy under technical perspective tends to 
follow an optimal allocation algorithm that would allocate ca-
pacity to connection-points with the least impact on given op-
erational constraints – maximising how much capacity can be 
allocated to connection-points as a whole, and completely dis-
regarding the fact that some connection-points are likely to not 
being allocated any capacity at all. Hence, in consideration of 
the constraints on control variables, network’s physical and op-
erational limits, the objective function of technical perspective 
maximises the total available export/import power (active/real) 
in a distribution zone comprising MV-LV lines, transformers, 
customers/prosumer’s DERs and loads. Mathematically, the op-
timisation problem associated with the technical perspective can 
be expressed as in (17), (18) and (19) for the allocation of avail-
able export power; and (22), (23) and (24) for the import power, 
see Table I. Note, ∆𝑷௘௫௣ and ∆𝑷௜௠௣ are vectors containing the 
available export and import power (control variables). The net-
work’s constraints (e.g., voltage, current and transformer capac-
ity limits, etc.) are represented by the inequalities (18) and (23) 
which exploits the coefficient matrix A and the coefficient vector 
b. All control variables are bounded in a range of their maximum 
and minimum values as specified by the inequalities (19) and 
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(24). Please note, in the first-stage of our approach, connection-
points refer to distribution transformers’ end.  

(ii) Soft-equitable Perspective: Technical perspective may 
lead to disparity among power allocation across different con-
nection-points. To reduce the impact, soft-equitable perspective 
tends to minimise the disparity among allocated power across 
connection-points by introducing a penalty when, allocated 
power at a connection-point is deviated from the mean value of 
aggregate allocated power. Hence, within the constraints of 
physical and operational limits of the network, the objective of 
soft-equitable perspective maximises the total available im-
port/export power ensuring a reasonable allocation of active 
power according to the capacity at each connection point. Thus, 
the optimisation problem of soft-equitable perspective can be 
represented as (18), (19) and (20) for the allocation of available 
export power; (23), (24) and (25) for the allocation of import 
power, see Table I. The objective function of the soft-equitable 
perspective, shown in (20), takes account of the capacity of dis-
tribution transformers. Hence, the available active power is allo-
cated at connection points considering the ratings of transform-
ers. The coefficients 𝑎ଵ, … ,𝑎௡ ∈ 𝑹ା in (20) represent the nomi-
nal capacity/ratings of the connection points. 

(iii) Equitable Perspective: Like soft-equitable, the objective 
of equitable perspective is to maximise the available ex-
port/import power respecting the constraints on minimum dis-
parity among available export/import power across connection-
points, along with the consideration of network’s physical and 
operational limits. However, to deal with the infeasibility case, 
which might occur under soft-equitable perspective, a virtual 
parameter has been incorporated in equitable perspective to 
bound the decision variable within feasible region. Hence, the 
objective function of equitable perspective maximises the total 
available import/export power ensuring a compromise between 
the technical and soft-equitable perspectives. To do so, the virtual 
parameter, 𝜆௜  ∈ ሾ0,൅∞ሿ, is introduced as shown in (21) and it 
can adapt to specific scenarios, allowing flexible allocation of 
available import/export power at the connection points. Thus, the 
optimisation problem associated with the equitable perspective 
can be presented by (17)-(19), (21) for available export power 
and (22)-(24), (26) for import power.  

B.  Allocation of DOE for prosumers at LV feeders  

Our two-stage approach is a hierarchical and coordinated 
method. In sub-section II-A, while developing the expressions of 
DOEs at transformers’ end, LV network models are included im-
plicitly through a specialised constraint in the MV level. To this 
end, the constraint is defined at each distribution transformer and 
the voltage at their secondary side is extrapolated to the end of a 
simulated LV network using the operating condition (real and re-
active power flow) of each transformer. The simulated network 
is parameterised to experience a permissible voltage drop, when 
the corresponding transformer is loaded with 100% of its rated 
capacity in terms of active power. Thus, incorporating additional 
voltage band constraints, the expectable voltage rises or drops 
within the LV networks are implicitly considered. Now, to ex-
plicitly allocate the DOEs for each DOE-enabled prosumer in LV 
networks, an unbalanced AC-OPF approach is exploited. As 
such, minimising the difference between allowable available ex-
port/import power and equitably estimated available ex-
port/import power, the optimal allocation of available power, 

𝛥𝑝௞
௦,௢௣௧, for each DOE prosumers can be achieved from (27)-

(34). 

 min
௱௣ೖ

ೞ
∑ ∑ ൫|𝛥𝑝௞

௦| െ ห𝛥𝑝௞
௦,equiห൯௦∈థೖ,ℎ∗௞∈𝒩ℎ∗

ଶ
  (27) 

 

subject to:                        
 

 ∑ ∑ |𝛥𝑝௞
௦| ൑ |𝛥𝑝௧௢௧௔௟|௦∈థೖ,ℎ∗௞∈𝒩ℎ∗

   (28) 
 

𝑝෤௞
௦ ൅  𝛥𝑝௞

௦ ൌ ℜሺ𝑣௞
௦ሻ∑ ∑ ൣ𝐺௞௝

௦ఊ.ℜ൫𝑣௝
௦൯ െ 𝐵௞௝

௦ఊ .ℑ൫𝑣௝
௦൯൧ ൅ఊ∈ః௝∈ே

ℑ ሺ𝑣௞
௦ሻ∑ ∑ ൣ𝐺௞௝

௦ఊ .ℑ൫𝑣௝
௦൯ ൅ 𝐵௞௝

௦ఊ .ℜ൫𝑣௝
௦൯൧ఊ∈ః௝∈ே                        (29) 

𝑘 ∈ 𝑁௛∗ , 𝑠 ∈ 𝛷௞,௛∗ 
 

𝑝෤௞
௦ ൌ ℜሺ𝑣௞

௦ሻ∑ ∑ ൣ𝐺௞௝
௦ఊ.ℜ൫𝑣௝

௦൯ െ 𝐵௞௝
௦ఊ .ℑ൫𝑣௝

௦൯൧ ൅ఊ∈ః௝∈ே

ℑ ሺ𝑣௞
௦ሻ∑ ∑ ൣ𝐺௞௝

௦ఊ .ℑ൫𝑣௝
௦൯ ൅ 𝐵௞௝

௦ఊ .ℜ൫𝑣௝
௦൯൧ఊ∈ః௝∈ே                        (30) 

𝑘 ∈ 𝑁௛శ , 𝑠 ∈ 𝛷௞,௛శ 
 

𝑝෤௞
௦ ൌ ℜሺ𝑣௞

௦ሻ∑ ∑ ൣ𝐺௞௝
௦ఊ.ℜ൫𝑣௝

௦൯ െ 𝐵௞௝
௦ఊ .ℑ൫𝑣௝

௦൯൧ ൅ఊ∈ః௝∈ே

ℑ ሺ𝑣௞
௦ሻ∑ ∑ ൣ𝐺௞௝

௦ఊ .ℑ൫𝑣௝
௦൯ ൅ 𝐵௞௝

௦ఊ .ℜ൫𝑣௝
௦൯൧ఊ∈ః௝∈ே                        (31) 

𝑘 ∈ 𝑁௛ష , 𝑠 ∈ 𝛷௞,௛ష 
 

𝑞෤௞
௦ ൌ ℑሺ𝑣௞

௦ሻ∑ ∑ ൣ𝐺௞௝
௦ఊ.ℜ൫𝑣௝

௦൯ െ 𝐵௞௝
௦ఊ .ℑ൫𝑣௝

௦൯൧ െఊ∈ః௝∈ே

ℜሺ𝑣௞
௦ሻ∑ ∑ ൣ𝐺௞௝

௦ఊ .ℑ൫𝑣௝
௦൯ ൅ 𝐵௞௝

௦ఊ .ℜ൫𝑣௝
௦൯൧ఊ∈ః௝∈ே                        (32) 

𝑘 ∈ 𝑁 ∖ ሼ0ሽ, 𝑠 ∈ 𝛷௞ 
 

𝑣̱ ൑ |𝑣௞
௦| ൑ 𝑣̄,∀𝑘 ∈ 𝒩\ሼ0ሽ, 𝑠 ∈ 𝛷    (33) 

 

|𝑣଴
௦| ൌ 1, 𝑠 ∈ 𝛷                                   (34) 

 

where 𝛥𝑝௞
௦,equi corresponds to the equitable estimation of availa-

ble export/import power for the house connected at phase 
*,k h

s   and bus *h
k  N . This equitable estimation could be 

performed by equal/proportional distribution of totalp among all 

DOE prosumers. 
Please note, in the unbalanced AC OPF formulations (27)-

(34), inter-phase coupling is captured in 𝐺௞௝
௦ఊand 𝐵௞௝

௦ఊ terms, 

where 𝐺௞௝
௦ఊ and 𝐵௞௝

௦ఊ correspond to the conductance and suscep-
tance, respectively, between phase 𝑠 and 𝛾 of the line connect-
ing bus 𝑘 and bus 𝑗, where 𝑠, 𝛾 ∈ 𝜙. Note that, conductance, 
susceptance incorporates self and mutual effect within and be-
tween lines/conductors and hence, inter-phase coupling is ex-
plicitly captured via mutual conductance and mutual suscep-
tance parameters that can be calculated from mutual impedance. 
To do so, the phase impedance matrix is calculated in our ap-
proach with the aid of Modified Carson’s equations as reported 
in [26].  

The formulations (27)-(34) are based on the nodal current 
injection method for 3-phase power-flow introduced in [27].  
One major assumption in this approach is neglecting the effect 
of the neutral conductor and focusing on a 3-phase 3-wire net-
work. For 3-phase 4-wire networks, i.e., if the neutral needs to 
be considered, then, the OPF formulation introduced in [28] can 
be utilised. Moreover, since the OPF formulations are based on 
rectangular form of complex numbers, the angle difference be-
tween phases is implicitly considered. 𝐺௞௝

௦ఊ and 𝐵௞௝
௦ఊ terms 

obtained from the rectangular form of the complex admittance 
matrix 𝑌௞௝

௦ఊ ∈ ℝଷൈଷ indirectly takes account of angle difference 
between phases. Also, loads are considered as constant P, Q 
loads.
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TABLE I 
Formulation of Optimisation Problems under different Perspectives for allocating available Export and Import power 

 

Allocated available power Perspectives Objective Function Subject to 

Export 

Technical max
∆௉೐ೣ೛

 ൫∑ ∆𝑃௜
௘௫௣௡

௜ୀଵ ൯                           (17) 
          𝑨.∆𝑷௘௫௣ ൑ 𝒃            (18) 
    0 ൑ ∆𝑷௘௫௣ ൑ ∆𝑷௠௔௫       (19) 

Soft-equitable 
max
∆௉೐ೣ೛

ቆ∑ ∆𝑃௜
௘௫௣ െ ∑ ൬

∆௉೔
೐ೣ೛

௔೔
െ

∆௉೔శభ
೐ೣ೛

௔೔శభ
൰
ଶ

௡ିଵ
௜ୀଵ

௡
௜ୀଵ ቇ    (20) 

𝑎௜ ് 0 

Equitable max
∆௉೐ೣ೛

 ൫∑ ∆𝑃௜
௘௫௣௡

௜ୀଵ ൯                           (17) 

      𝑨.∆𝑷௘௫௣ ൑ 𝒃                (18) 
0 ൑ ∆𝑷௘௫௣ ൑ ∆𝑷௠௔௫          (19)     
∆௉೔

೐ೣ೛

௔೔
൅ 𝜆௜ ൌ  

∆௉೔శభ
೐ೣ೛

௔೔శభ
൅ 𝜆௜ାଵ;  (21) 

𝑖 ∈ ሾ1, 𝑛 െ 1ሿ; 𝑎௜ ് 0 

Import 

Technical max
∆௉೔೘೛

 ൫െ∑ ∆𝑃௜
௜௠௣௡

௜ୀଵ ൯                            (22) 

          𝑨.∆𝑷௜௠௣ ൑ 𝒃            (23) 
    ∆𝑷௠௜௡ ൑ ∆𝑷௜௠௣ ൑ 0       (24) 

Soft-equitable 
max
∆௉೔೘೛

ቌെቆ∑ ∆𝑃௜
௜௠௣ െ ∑ ൬

∆௉೔
೔೘೛

௔೔
െ

∆௉೔శభ
೔೘೛

௔೔శభ
൰
ଶ

௡ିଵ
௜ୀଵ

௡
௜ୀଵ ቇቍ (25) 

𝑎௜ ് 0 

Equitable                   max
∆௉೔೘೛

 ൫െ∑ ∆𝑃௜
௜௠௣௡

௜ୀଵ ൯                          (22) 

          𝑨.∆𝑷௜௠௣ ൑ 𝒃              (23) 
    ∆𝑷௠௜௡ ൑ ∆𝑷௜௠௣ ൑ 0        (24) 

∆௉೔
೔೘೛

௔೔
൅ 𝜆௜ ൌ  

∆௉೔శభ
೔೘೛

௔೔శభ
൅ 𝜆௜ାଵ;    (26) 

𝑖 ∈ ሾ1,𝑛 െ 1ሿ; 𝑎௜ ് 0 

 

III.  PROPOSED METHODOLOGY 

Fig. 2 outlines the proposed methodology through a series of 
sequential steps which are to be followed to obtain DOE or avail-
able export/import power at a time-interval. The allocated DOE 
is then published and control signals are sent accordingly to re-
spective DERs’ connection points.  

The entire approach is explained in two stages. First, the input 
variables (P, Q, etc.) of MV network are collected from the avail-
able metering infrastructure, and then, the variables are stored in 
a database in real-time. The network model and its associated 
files are also saved in a repository. DSSE is employed to extract 
state variables at all required nodes of the MV network. Please 
note that state estimation is an established technique which is be-
ing used in transmission system to estimate state variables at dif-
ferent nodes/buses with accuracy and precision [20-22]. Upon es-
timating the state variables, the coefficient matrix A and the co-
efficient vector b are computed from the expressions (2)-(13). In 
addition to that, while forming A matrix and b vector, several 
constraints, such as, voltage band (upper and lower voltage limit) 
on MV nodes, transformers’ neutral and phase currents (nomi-
nal), forward and backward maximum active power flow through 
transformers, ampacity limits of MV feeder, etc., are taken into 
consideration. The CCSO problem, as expressed in (14)-(16), is 
solved to estimate DOEs at transformers’ end. These DOEs, in 
other words, the maximum available export/import power at dif-
ferent transformers’ zone, could be allocated by adopting differ-
ent policies, such as, technical, soft-equitable and equitable. 
Based on the adopted policy, selected expressions from (17)-(26) 
are solved to yield DOEs at transformers’ end. 

In the second stage, the allocated available export/import 
power at each transformer’s zone is distributed among the DOE-
registered prosumers’ DERs. However, prior to dispatch the con-
trol signal, a rule-based checking is conducted in software level. 
To do so, the present operating state of DERs are adjusted with 
the inclusion of available export/import power. Please note that, 

first, the total available export/import power are distributed 
among DOE prosumers evenly or proportional to DERs size/rat-
ing. Then, an unbalanced load flow is conducted to check any 
violation issues, such as, transformers’ thermal limit, nodal volt-
age limit and current limit violations in LV lines, etc. If any vio-
lation is assessed, then, an unbalanced AC-OPF is solved by re-
specting (27)-(34), which basically represent the non-linear non-
convex optimisation problem. To obtain a feasible solution of 
this non-linear programming (NLP) problem, IPOPT v3.12.9 
[29] running with linear solver ma57 has been used in our work. 
To reduce the optimality error and obtain a suboptimal solution 
with higher accuracy, the IPOPT options are set as: acceptable 
tol: 10‐8 and acceptable constr_viol_tol: 10‐12 as suggested in 
[30]. In short, to solve the OPF problem, the following steps are 
followed. 

 The original LV network is modelled in an open-source 
software package, namely, OpenDSS [31]. 

 Relevant data is extracted using Python script. 
 The OPF problem is modelled with extracted data and 

then, initialised in Pyomo [32]. Thereafter, adopting the 
implementation guidelines from [33], problem is solved 
with IPOPT [29] solver. 

Conversely, the DOE allocation model, described in (27)-(34), 
can also be incorporated with the convex relaxations of 3-phase 
OPF formulations as reported in [34-35]. However, careful at-
tention has to be made while applying those convex relaxations 
for linearisation, in order to avoid the infeasibility in the process 
of achieving optimal solution that may occur due to convex re-
laxations. 
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Fig. 2.  Proposed two-stage approach to allocate DOE at DERs’ connection 
points.   

IV.  CASE STUDY 

The effectiveness of the proposed methodology is demonstrat-
ed in this section by publishing DOE at different connection 
points, using the data of a real MV-LV integrated distribution 
network. A real MV feeder supplying a total of 18 distribution 
transformers of an Australian network are selected for the case 
study. The network model and its parameters are detailed in Sec-
tion IV-A. Results and discussions are presented in Section IV-B 
wherein, DOE allocations at distribution transformers’ ends con-
sidering technical, soft-equitable and equitable perspectives are 
first investigated. Then, exploiting the allocated DOE at a trans-
former’s end, time-series operations of a real LV feeder of Aus-
tralia (containing 102 customers, among which 30% are prosum-
ers), are conducted using OpenDSS and a Python script contain-
ing the routines of operations. Further, the results of comparative 
performance study of proposed DOE-export policy with the ex-
isting fixed export policy is elaborated. 

A.  Integrated MV-LV Network 

A real 11kV MV feeder, supplying 18 residential LV net-
works of Queensland, Australia, is used in our case study. This 
integrated MV-LV distribution network is owned, maintained 
and operated by Energex, a distribution utility in Queensland. 
Fig. 3 shows the single line diagram of this MV-LV network; 
among the 18 LV networks, one LV network is explored in the 
diagram, which is used for the performance study demonstrated 
in Section IV-B(ii). 

The head of 11kV MV feeder is supplied by a primary substa-
tion through a 33kV/11kV step-down transformer. As the OLTC 
(On Load Tap Changer) of a primary substation typically keeps 
the terminal voltage at 1.0 pu, it is reasonable to assume that the 
voltage at MV feeder’s head to be 1.0 pu. Each of the 18 LV net-
works is fed by an 11kV/0.415kV distribution transformer with 
the tap-position 1 (off-load). The rated capacities of distribution 
transformers range from 315-750 kVA, see Fig. 3. The customers 

of LV networks are distributed along the radial feeder. We as-
sume that the maximum loading of a typical LV network could 
be represented by a scenario where all the customers in that net-
work would demand 4 kVA at a point in time. Therefore, dividing 
the rated capacity (in kVA) of a distribution transformer by 4 
kVA, the number of customers in an LV network is estimated in 
this study. An average of 50 customers per LV feeders are con-
nected and average length of the feeder is around 400m (0.4 km). 
The line parameters of the MV-LV network are shown in Table 
II.   

TABLE II 
Parameters of a Real Integrated MV-LV Network 

 

Feeders 
No. of 
feeders 

Main path 
length 
(km) 

R1 
(Ω/km) 

X1 
(Ω/km) 

R0 
(Ω/km) 

X0 
(Ω/km) 

MV network:  
11 kV 

1 6.28 0.142 0.0951 1.227 0.051 

LV networks: 
415 V 

40 0.4 (avg) 0.284 0.255 0.232 0.210 

 

B.  Results and Discussions 

In the context of DOE, ideally, fairness would be the equal 
distribution of available power across the distribution transform-
ers’ end of MV-LV integrated network. However, the location 
and size of transformers along the MV feeder is different and 
hence, consideration of equal available power within network’s 
physical and operational limits would allow very small amount 
of available power at each connection points, resulting in mini-
mal utilisation of network’s available capacity. Therefore, three 
allocation perspectives (technical, soft-equitable and equitable) 
have been extensively studied in this sub-section. First, DOE is 
developed and analysed through a detailed investigation on dif-
ferent allocation perspectives for available export/import power. 
Then, feasible DOE at LV prosumers’ DER-terminals is assessed 
by a comprehensive performance study. Last, performance of 
proposed DOE through comparative study followed by scalabil-
ity and computational efficacy is detailed. 

(i) DOE at MV Levels and its allocation perspectives: 
Using the proposed methodology, real data from the MV 

feeder are exploited to obtain DOE at distribution transformers’ 
end. To do so, first, a month-long field measurement data (10-
min resolution) are captured from the meters placed at different 
locations of the MV feeder. Then, DSSE is deployed to estimate 
state variables, followed by the formation of coefficient Matrix A 
and coefficient vector b. Last, with the available A and b, a gen-
eral CCSO problem is solved taking technical or soft-equitable 
or equitable perspectives into consideration. The solution yields 
the DOE at transformers’ connection points. 

A month-long, September 2020, field-data with 10-min reso-
lution is processed and their corresponding A matrices and b vec-
tors are saved. From (17)-(26), the expressions associated with 
the technical, soft-equitable and equitable perspectives are ex-
ploited taking those A matrixes and b vectors into account. Fig. 4 
shows the available import/export limit at the head of MV feeder 
for 7-days (Sep. 2 - Sep. 9, 2020) under three perspectives. 
Among 7-days, a representative day (Sep. 9, 2020), with a mod-
erate solar irradiance profile, is selected to explain the results of 
DOE under different perspectives, see Fig. 5. Figs. 5 (a)-(c) show 
the available export and import power limit at every 10-min  
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Field 
Measurements: 

meters’ data
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(GIS/CIM/..etc. files)

DSSE (Distribution System State 
Estimation) to estimate |Vi|, δi 

Formation of Matrix [A] 
and vector b
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and solve (17)-(26)  
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Fig. 3.  Diagram of a real integrated MV-LV network located in southeast Queensland, Australia. 
 

interval for each of the 18 distribution transformers end of the 
network shown in Fig.   3. For example, under soft-equitable per-
spective, at 12:00 hr, the available export (import) power at Tx-
1’s (transformer-1’s) end is 55 kW (210 kW), Tx-2’s end is 52 
kW (220 kW), Tx-3’s end is 45 kW (150 kW), and so on, see Fig. 
5(b). 

After self-consumption, PV prosumers’ typically export their 
maximum power to the grid at mid-day or noon due to their pat-
tern of PV generation profile. Therefore, reverse power flow is 
typically experienced at LV level at noon and it drives the pro-
posed approach to restrict the amount of available export power 
by eliminating the risk of network’s operational and/or physical 
limit violations. This is evidenced through the available export 
profile of Figs.  5 (a)-(c), which illustrate that, with the progres-
sion of a day from morning (8:00 hr) to mid-day (12:00 hr) or 
noon (13:00 hr), the available power export-limit or capacity 
gradually decreases. A similar observation is found for available 
power-import limit, where gradual restriction on available im-
port-power is imposed during high demand period with mini-
mum/zero PV generation, which typically occurs during late af-
ternoon to evening.  

Now, analysing the results of three strategies/perspectives, it 
is found that technical strategy yields the maximum available ex-
port and import power at the head of MV feeder supplying 18 
transformers’ zone collectively, see Figs. 4-5. However, the rela-
tive allocation of available power among 18 transformers’ zone 
are ignored in this strategy, by disregarding the situation where a 
few or some transformers’ zone may be given very small or no 
power, which may lead to the concern for soft-equitable feasibil-
ity, disparity, equity and fairness.  

The objective of soft-equitable optimisation is to maximise the 
overall benefit and/or minimise the negative impact. One exam-
ple of soft-equitable benefit could be to assign the value of the 
amount of energy transferred to the power network. Since, the 
allocated capacity would have the tendency to be exploited in 
terms of export/import energy relative to the size of transformers 

capacity. Therefore, in this study, the soft-equitable optimality is 
achieved by solving the technical optimisation problem consid-
ering an additional equality constraint relative to the size of trans-
formers’ capacity, see equations (18)-(20), (23)-(25) of Table I. 
Thus, it is expected that the aggregate available power (im-
port/export) for soft-equitable strategy would be less than tech-
nical perspective in most of the time-intervals, which is evident 
from Figs. 5(a) and 5(b). 
 

 
 

Fig. 4.  Available export/import-power at the head of a MV distribution feeder 
in Queensland, Australia from Sep. 2 - Sep. 9, 2020, considering Technical 
(Tech), Soft-equitable (Soft-Equi) and Equitable (Equi) perspectives. 
 

The objective of equitable optimisation is to ensure the fair-
ness of allocated capacity across all transformers’ zone. As such, 
the purpose of equitable optimisation, in this study, is to minimise 
the disparity of allocated capacities across all 18-transformer 
zone by introducing a virtual parameter λ in the equality con-
straints, see equations (17)-(19), (21)-(24) and (26) of Table I. 
Hence, the equitable strategy provides a technically sub-optimal 
solution which would tend to allocate the lowest overall capacity 
among three perspectives as evident from Figs. 4-5. Please note 
that, in the proposed equitable strategy, λ is adjusted to a value of 
200, which ensures reasonable fairness by minimising the dispar-
ity among available export/import power across transformers. 
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 (a) 

 
 

(b) 

 
(c) 

 

 
 

Fig. 5.  Available export/import-power (DOE export/import limit) at the connection 
points of 18 distribution Transformers (Tx1-Tx18) on Sep. 9, 2020, considering 
3 perspectives: (a) Technical, (b) Soft-equitable and (c) Equitable. 

 

In addition, to provide an insightful view of relative power al-
location, a set of boxplots, specifying the statistical values (max-
imum, minimum, 75 and 25 percentile) of allocated export power 
across 18 transformers’ zone at every 3-hr, are shown in Fig. 6. 
The boxplot results infer that, though soft-equitable and equitable 
solutions allocate less aggregate power in comparison to tech-
nical solution, the power allocation across all transformers is rel-
atively closer to one another for soft-equitable and equitable so-
lutions than technical one. Besides, equitable solution guarantees 
the reasonable fairness by demonstrating the fairest allocation 
(among the three perspectives) of export power across all trans-
formers. 

(ii) Performance study of DOE at LV levels: 
This sub-section details the performance study of DOE allo-

cated available export power at DERs’ (for PV systems in partic-
ular) connection points of LV networks. To this end, first (Case 
1), the equitable DOE, obtained from real-field data as presented 
earlier, is exploited for a time-series operation conducted in a real 
three-phase LV network (Fig. 3). Then, in Case 2, future opera-
tion of DOE - in high renewable-rich network - is simulated 

through a time-series operation and thus, performance study fol-
lowed by some discussions are conveyed. Please note, in both 
case studies, customers of LV networks are categorised into three 
types - passive customers, fixed-export (FE) prosumers and dy-
namic-operating-envelope (DOE) prosumers. Passive customers 
are those who have loads only, FE prosumers have loads and PV-
systems operated at fixed export (5-kW) limit, DOE prosumers 
are those who have loads and PV-systems controlled/regulated 
by dispatched DOE signal. In this study, 10-kW PV-systems are 
selected for each DOE prosumers. Further, it is assumed that PV-
systems are operated at unity power factor and all loads are in-
ductive with power factor of 0.95. The voltage limit at DERs’ 
connection points comply with the Australian Standard [36], 
which specifies that the steady-state voltage should remain within 
+10/-6% of the nominal 230V line-to-neutral value. 

 

(a) 

 
(b) 

 
(c) 

 
Fig. 6.  Statistical illustration of relative allocation of available export-power 
across 18 transformers within 10-min time interval of every 3-hr on Sep. 9, 
2020, under 3 perspectives: (a) Technical, (b) Soft-equitable and (c) Equitable. 
 

Case 1: Considering the equitable DOE at Transformer-18’s 
end, shown in Fig. 3, this case study first investigates the net-
work’s performance – evaluated by transformers’ capacity utili-
sation and voltage limit violation issues – under existing 30% FE 
prosumers and 70% passive customers. A whole-day time-series 
operation exhibit no voltage limit violations (see Fig. 7(a)) and 
low transformer’s capacity utilisation (see Table III) - indicating 
under-utilisation of network’s resources. Now, assuming 30% of 
FE prosumers as DOE prosumers, the network’s performance is 
further studied when DOE allocated power-capacity is in place 
for DOE prosumers. Fig. 7(b) and Table III illustrate no voltage 
limit violation issues and relatively higher utilisation of trans-
former’s capacity - indicating sensible utilisation of network’s re-
sources.   

Case 2: Time-series simulation of a high renewable-rich 
power network is conducted in Case 2 where two scenarios are 
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considered – scenario (a): 10% passive customers and 90% FE 
prosumers and scenario (b): 10% passive customers, 60% FE and 
30% DOE prosumers. Thus, performance of FE and proposed 
DOE approach are evaluated through scenario (a) and scenario 
(b), respectively. For each scenario, normalised irradiance profile 
of a typical clear-sky day and cloudy day, shown in Fig. 8, is ex-
ploited. For scenario (a), voltage limit violations are observed at 
a number of buses for a significant amount of time in a clear-sky 
day, see Fig. 9(a); additionally, maximum utilisation of trans-
former’s capacity is reached/exceeded at some periods of time. 
However, voltage at all buses lie within statutory limit in a 
cloudy-day for scenario (a), see Fig 9(b). For scenario (b), no 
voltage limit violations are found and utilisation of transformer’s 
maximum capacity is not breached, see Figs. 10(a)-(b) and Table 
III. In reality, the DOE prosumers, in scenario (b), help to restrict 
the voltage within statutory limit. To illustrate this point, the 
time-series data, containing the DOE allocated export power for 
a DOE prosumer and the exported power from a FE prosumer, is 
shown in Fig. 11. As soon as the nodal voltage, line current and 
transformers’ capacity limits are about to breach, DOE does not 
allow any available power to export and forces the real power 
export curtailment for DOE prosumer, see Fig. 11(a).  

 

(a)                                                      (b) 

 
 

Fig. 7.  Voltage profiles at 35-buses of an LV network of the integrated MV-
LV system under Case 1, with the presence of (a) 30% fixed-export prosumers 
and (b) 30% DOE prosumers. 
 

In summary, the results of Case 1 and Case 2 infer that, with-
out violating network’s operational and physical limits, DOE en-
sures the maximum utilisation of network resources in the path-
way of achieving high penetration of renewables. However, rapid 
growth of PV penetration could impose curtailment of power for 
DOE prosumers to secure network integrity. Therefore, a new 
business paradigm needs to be explored that can achieve win-win 
situation for both DOE prosumers and DNOs/aggregators. For 
example, dynamic tariff of energy could be offered for DOE 
prosumers when curtailment is imposed, or, the aggregate energy 
of DOE prosumers could be sold in wholesale energy market, etc. 
 

 

 
 
 

Fig. 8.  Normalised solar irradiance profile of a clear-sky and cloudy day. 

 

(a)                                                          (b) 
  Clear-sky day                                           Cloudy day 

 
 

Fig. 9.  Voltage profiles at 35-buses of an LV network of the integrated MV-
LV system under Case 2, scenario (a), during clear-sky and cloudy day.  

 
TABLE III 

Performance Study considering Technical Issues in an LV Network 
 

Cases 

Fixed Export Proposed DOE Approach 
Transformer’s 
utilisation (%) 

No. of cus-
tomers 

with volt-
age issues 

(%) 

Transformer’s 
utilisation (%) 

No. of cus-
tomers with 
voltage is-
sues (%) max. mean max. mean 

Case 1 51.5% 18.5% 0% 54.1% 28.4% 0% 

Case 
2 

Clear-sky 
day 

133.3% 66% 21% 108.2% 59.2% 0% 

Cloudy day 51.5% 15.7% 0% 98.5% 49% 0% 

 
 

 (a)                                                         (b) 
  Clear-sky day                                           Cloudy day 

 
 

Fig. 10.  Voltage profiles at 35-buses of an LV network of the integrated MV-
LV system under Case 2, scenario (b), during clear-sky and cloudy day. 
 

        (a)                                                (b) 

 
 

Fig. 11.  For Case 2, scenario (b), clear-sky day, the PV export-power from (a) 
a DOE Prosumer and (b) a fixed export prosumer, highlighting the power cur-
tailment of DOE prosumer and the associated loss of PV energy to avoid volt-
age limit violations in the LV feeders. 
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(iii) Comparative Performance study of proposed DOE: 

Conducting a comprehensive simulation study on a real MV-
LV integrated network of Australia, our proposed DOE ap-
proach has demonstrated better performance (in terms of tech-
nical issues - transformer utilisation and voltage quality) than 
fixed-export policy, as illustrated in Table III. Besides, each 
stage of the proposed two-stage method has an advantage over 
other reported methods in [11-12], [37].  

The reported methods in [11-12] demonstrate accuracy and 
computational effectiveness in consideration of network integ-
rity and maximum DOE allocations at DERs’ terminals. How-
ever, the freedom to investigate several perspectives (e.g., tech-
nical, soft-equitable and equitable) by network operator is lim-
ited in [11-12]. First-stage of the proposed method, on the other 
hand, offers several options to network operators for DOE allo-
cations, among which any option could be selected considering 
the real-world implementation aspects along with the compli-
ance of regulatory framework. 

The second-stage of our method deals with the unbalanced 
AC OPF operations for each LV networks of the MV-LV inte-
grated network. These AC OPFs are executed independently 
and in parallel for each LV network. Thus, the no. of variables 
in AC OPF are reduced significantly - it can be reduced to 1/20-
1/30 times when compared with the consideration of whole 
MV-LV network covering 20-30 distribution transformers. The 
reported methods in [11-12], [37] deal with significantly higher 
number of variables in comparison to our method, as they solve 
the AC OPF for whole MV-LV network. As reported in [28], 
computational time for solving unbalanced AC OPF linearly in-
creases with the no. of variables and therefore, our proposed 
approach offers faster computational platform in comparison to 
reported methods. 

(iv) Performance study of proposed DOE in terms of scalability 
and computational efficacy: 

The studied MV-LV integrated network (see Fig. 3) is a 
fairly large real network containing 350-bus and 18 MV/LV 
distribution transformers. Now, in order to demonstrate the 
scalability of proposed method, validation study is further con-
ducted on a large 900-bus real network from Australia contain-
ing 31 distribution transformers (nominal power rating: 200-
1,000 kVA), 31 LV networks and approx. 3,500 single-phase 
customers. Exploiting the real-field data, collected on Aug. 1, 
2021, the first-stage of our method publishes the hourly availa-
ble export/import power under technical perspective (see Fig. 
12). Please note, the difference between the DOE processing 
time for 350-bus and 900-bus network was very small (less than 
1 sec). Besides, computational time for second-stage is almost 
similar for 350-bus and 900-bus network, since unbalanced AC 
OPF for each LV networks are executed independently and in 
parallel, resulting in significant reduction of number of varia-
bles in AC OPF. Computational time for solving unbalanced 
AC OPF has a strong relationship with the number of variables 
and it linearly increases with the no. of variables – it could reach 
up to 2 sec. for approx. 500-bus network [28]. Numerically, our 
proposed AC OPF operation - when executed in a computer (In-
tel corei7, RAM 16 GB, OS – Windows 10) for an LV network 
shown in Fig. 3, the average computational time was less than 
1 sec. Thus, the proposed DOE approach demonstrates the 
scalability as well as computational efficacy. Besides, the key 

findings from the results of 900-bus network (shown in Fig. 12) 
are consistent with the results of 350-bus network (shown in 
Fig. 5(a)), i.e., the technical perspective shows maximum allo-
cated export/import power as a whole, while disparity of power 
allocations among different transformer-zones are noticeable. 
 

 
 
 

Fig. 12.  Exploiting the real-field measurement data from a large network, col-
lected on Aug. 1, 2021, the available export/import-power (DOE export/import 
limit) at the connection points of 31 distribution Transformers (Tx1-Tx31) con-
sidering Technical perspective.  

V.  DISCUSSIONS 

Dynamic operating envelope (DOE) is a novel technique to 
utilise existing electricity infrastructure efficiently while appro-
priately managing network’s physical and operational con-
straints. However, DOE dispatch strategy at prosumers’ levels 
is not a straightforward task and hence, for selecting the suitable 
strategy, several options should be investigated with careful at-
tention. For example, three such options for DOE dispatch 
could be - the consideration of: 1) the entire prosumer-premise 
as a single device, 2) only the inverter-based systems (e.g., PV, 
energy-storage-systems based DERs, etc.) separately as flexible 
devices, and 3) a group of inverters inside the LV network’s 
zone. In this article, option 2 has been studied in consideration 
of PV inverter-based system as flexible devices. However, the 
proposed platform can be exploited for all 3 options, which 
would be useful for network operator to select the most suitable 
DOE dispatch policy in regards to evolving network states 
and/or business strategies from different stakeholders.  

In our approach, while estimating the DOE (available ex-
port/import power) at MV level by solving the CCSO problem 
with different objectives (e.g., technical, equitable), we ob-
served that the export/import power of a connection point had 
an impact on the export/import capability of other connection 
points. Therefore, we formulate the CCSO problem considering 
the feasibility region where the control variables (available ex-
port/import power) at all connection points can change to sat-
isfy the objective (equitable or technical) set by the network op-
erator. 

In the first-stage of our approach, DOE estimation allows 
some headroom in consideration of uncertainty of future behav-
iour of uncontrolled demand and network devices with local au-
tonomous control. However, if network operator requires min-
imum headroom - which can potentially increase the allocated 
available power - the setting of autonomous voltage regulating 
devices need to be incorporated while implementing DOE. For 
example, one approach could be incorporating the OLTC as a 
part of optimisation process for DOE calculation. 

Uncertainty of renewables is taken care of by allowing some 
headroom in our approach. Additionally, network operator can 
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increase the frequency of DOE allocations by reducing the 
time-interval between successive DOE allocations. Also, to 
eliminate the impact of sudden fast fluctuations from renewa-
bles, network operator can restrict the upward ramp-rate of 
DOE allocation to a reasonable value. That is, for a connection-
point, the difference between allocated DOEs (export/import 
power limit) in successive time-intervals can be restricted to a 
reasonable value. 

VI.  CONCLUSIONS 

This article proposes an approach to generate DOEs for dif-
ferent connection points, e.g., DERs’ terminals, transformers’ 
secondary-side, etc., of a distribution network ensuring integrity. 
The proposed DOE is technology-agnostic and it publishes the 
available export/import power limit for given connection-points 
of a network at every 5/10-min interval in a day near real-time. 
In our proposed method, first, DSSE and CCSO techniques are 
employed sequentially considering technical, soft-equitable and 
equitable perspectives for available power allocation at trans-
formers’ connection points. Then, the aggregate available power 
at each transformer-end are distributed among DOE prosumers 
ensuring reasonable fairness through unbalanced AC-OPF solu-
tions. These AC-OPF programs are executed in parallel for all 
LV networks of the integrated MV-LV system; thus, reducing the 
substantial computational time and effort. Using the real-world 
meter data, the overall execution time of our two-stage approach 
was less than 1-minute at each time-interval.  

The performance of the proposed approach is evaluated using 
real data from an Australian MV feeder, connected with 18 dis-
tribution transformers to supply electricity for LV residential cus-
tomers. Around 30% of those customers (prosumers) are 
equipped with solar PV systems. Results show that, technical per-
spective could allocate maximum aggregate available power (ex-
port/import) in most of the time-intervals in a day; however, dis-
parity of allocated power among different transformers’ zone are 
encountered. Equitable perspective, on the other hand, can mini-
mise the disparity of power allocations among transformers’ zone 
at the cost of offering the least aggregate available power to ex-
port/import.  

Furthermore, in consideration of power export from the 
DERs’ terminals, the performance study of DOE and fixed export 
policies are carried out by assessing the voltage limit violations 
and transformers’ capacity utilisations in LV networks. Results 
suggest that renewable-rich distribution grid may experience 
voltage limit violations at some time-intervals in the middle of a 
clear-sky day when high percentage of fixed export prosumers 
exist in the network. However, in such situation, proposed ap-
proach restricts the power export for DOE prosumers by forcing 
power curtailment and thus, helps to keep the voltage and trans-
formers’ capacity utilisation within safe operational limit. There-
fore, adequate policies, which could be dynamic tariff package, 
trading in wholesale energy market, etc., need to be undertaken 
by DNOs/aggregators to incentivise the power curtailment of 
DOE prosumers that would encourage a new business paradigm 
to grow. 
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